Convex Hulls



Convex Hull

Convex Hull (2 Points)
Convex Hull(Fy,PR)= {(1 —c)By+cPlcz20 and c< 1}

={coRy+c P lcg+c =1 and cy,c; 20}

Convex Hull (n+1 Points)

n n
Convex Hull(PO,...,Pn)z{ > kPl Y =1 and c; 20}
k=0 k=0



n

n
Lemma 1: The setS:{ Y Bl Yep=1and ¢, 20

k=0 k=0
Proof: Let Q,Re S:

n n
Q= Yaib Ya,=1and a; 20
k=0 k=0

n n
R= Zkak Zbkzl and bk >0
k=0 k=0

Must show: (1-1)Q+tReS 0<r<]1.

(1-1)Q+tR=(1-1) iakPk +t ikak =

k=0 k=0

} IS convex.

3 {(1-t)ay +1hy [P,
—0

. i(l—t}ak +th, =(1-1) iak +1 ibk =(1-t)+r=1

k=0 k=0 k=0

e (I-t)ay +tbk >0




n n
Lemma 2: {Z c, P | Ycp =1 and ckEO}gConvex Hull(Fy,...,B,)
k=0 k=0

Proof: By induction on n. For n=1, we have equality, since both sets are equal to
the line segment joining Ky and F;. Suppose that

n n
S z{ > Bl Y =1 and ¢, 20 }gConvex Hull(Ry,...,B,).
k=0 k=0

n+l n+l

Let Y ci P, €S,4+1. Mustshow that > c; P, € Convex Hull(Py,...,P,,1).
k=0 k=0

n+1

If c,,.1=1,then Y c P, =P, € Convex Hull(Py,...,P,+1). If ¢, 1 #1, then
k=0

n+l1 n C

2B =(1—cppp) X
k=0 k=0 1—¢,p1

P, +c¢,41P,41 € Convex Hull(Fy,...,P,41)

n
because by the inductive hypothesis “k

k=017Cpt1

P, € Convex Hull(F,,...,P,).




n

n
Theorem: Convex Hull(Fy,...,P,) :{ Y kPl Yep=1and ci 2 0}
k=0 k=0
Proof: By definition, Convex Hull(F,,...,P,) is the smallest convex set containing
the points F,...,P,. Hence by the Lemma 1
n n
Convex Hull(FRy,....,P,)) <y X ciP | Y =1 and ¢, 20¢.
k=0 k=0

But by Lemma 2

n n
{ Y Bl Yep =1 and ¢, EO}QConvex Hull(FR,y,...,P)) .
k=0 k=0




Convex Hull Property

Curve Schemes
n
D(t)= Y. D; (1P,
k=0
n
YDy (t)=1 and D;(t)=0= D(t)e Convex Hull(P,,...,P,)
k=0

Bernstein Polynomials

Bl ()= (1-)""

n
>Bi(t)=1 and B, ()20 0<t<1 (Inspection)
k=0

Lagrange Polynomials
_ [k (t—1;)
ITjerty —1;)

% L’}lc(t) =1 but Lrli(t) <0 for some values of ¢ (Inspection)

n
Lk(t | to,...,fn)



