
 Convex Hulls



Convex  Hull

Convex Hull (2 Points)

Convex  Hull(P0 , P1) = (1− c)P0 + cP1 | c ≥ 0 and  c ≤ 1{ }
                                 = c0P0 + c1P1 | c0 + c1 = 1 and  c0 ,c1 ≥ 0{ }

Convex Hull (n + 1 Points)

  

Convex  Hull(P0 ,…, Pn ) = ck Pk | ck = 1 and  ck ≥ 0
k = 0
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Lemma 1:  The set S = ck Pk | ck = 1 and  ck ≥ 0
k = 0

n
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 is convex.

Proof: Let Q, R∈S :

Q = akPk
k = 0

n
∑      ak = 1 and  ak ≥ 0

k = 0

n
∑

R = bk Pk
k = 0

n
∑      bk = 1 and  bk ≥ 0

k = 0

n
∑

Must show:   (1− t )Q + tR ∈S    0 ≤ t ≤ 1.

(1− t )Q + tR = (1− t) akPk
k = 0

n
∑ + t bk Pk

k = 0

n
∑ = (1− t)ak + tbk{ }

k = 0

n
∑ Pk

• (1− t)ak + tbk
k = 0

n
∑ = (1− t) ak

k = 0

n
∑ + t bk

k = 0

n
∑ = (1− t) + t = 1

• (1− t )ak + tbk ≥ 0



Lemma 2:  
  

ck Pk | ck = 1 and  ck ≥ 0
k = 0

n
∑

k = 0
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⊆Convex  Hull(P0 ,…, Pn )

Proof:  By induction on n.  For n = 1, we have equality, since both sets are equal to 
the line segment joining P0  and P1.  Suppose that

  

Sn = ck Pk | ck = 1 and  ck ≥ 0  
k = 0

n
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k = 0
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⊆ Convex  Hull(P0 ,…, Pn ).

Let ck Pk ∈Sn+1
k = 0

n +1
∑ .   Must show that  

  

ck Pk
k = 0

n +1
∑ ∈Convex  Hull(P0 ,…, Pn +1).

If cn +1 = 1, then 
  

ck Pk = Pn+1 ∈Convex  Hull(P0 ,…, Pn +1)
k = 0

n +1
∑ .  If cn +1 ≠ 1, then

  

ck Pk = (1− cn+1
k = 0

n +1
∑ ) ck

1− cn+1
Pk + cn +1

k = 0

n
∑ Pn+1 ∈Convex  Hull(P0 ,…, Pn +1)

because by the inductive hypothesis 
  

ck
1− cn+1

Pk ∈ 
k = 0

n
∑ Convex  Hull(P0 ,…, Pn ).



Theorem:  
  

Convex  Hull(P0 ,…, Pn ) = ck Pk | ck = 1 and  ck ≥ 0
k = 0
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Proof:  By definition,   Convex  Hull(P0 ,…, Pn ) is the smallest convex set containing 

the points   P0 ,…, Pn.  Hence by the Lemma 1

  

Convex  Hull(P0 ,…, Pn ) ⊆ ckPk | ck = 1 and  ck ≥ 0
k = 0
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But by Lemma 2

  

ck Pk | ck = 1 and  ck ≥ 0
k = 0

n
∑

k = 0

n
∑
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⊆Convex  Hull(P0 ,…, Pn ) .



       Convex Hull Property

Curve Schemes

D(t) = Dk
n (t)

k = 0

n
∑ Pk

  

Dk
n (t)

k = 0

n
∑ ≡ 1 and  Dk

n (t) ≥ 0 ⇒ D(t)∈Convex  Hull(P0,…, Pn )

Bernstein Polynomials

Bk
n (t) = (k

n )tk (1− t)n−k

Bk
n (t)

k = 0

n
∑ ≡ 1 and  Bk

n (t) ≥ 0  0 ≤ t ≤ 1 (Inspection)

Lagrange Polynomials

Lk
n (t | t0 ,..., tn ) =

(t − t j )j≠k∏
(tk − t j )j≠ k∏

� 

Lk
n (t)

k=0

n
∑ ≡1  but  

� 

Lk
n (t) < 0    for some values of t (Inspection)


