Lecture 26: Blossoming

blossom abundantly, and rejoice even with joy and singing:  Isaiah 35:2

1. Motivation

Linear functions are simple; polynomials are complicated. If L(¢) = at ,then clearly

L(us+ At) = uL(s)+ AL(1).
More generally, if L(¢)=at + b , then it is easy to verify that

L((l -A)s+ At) =(1-A)L(s)+AL(?) .
In the first case L(t) preserves linear combinations; in the second case L(t) preserves affine
combinations. Butif P(t) = a,t" +---+ qy is a polynomial of degree n > 1, then

P(us+ Af) = uP(s)+ AP(1)

P((l -A)s+ }Lt) =(1-A)P(s)+AP(1).
Thus arbitrary polynomials preserve neither linear nor affine combinations. The key idea behind
blossoming is to replace a complicated polynomial function P(#) in one variable by a simple
polynomial function p(uy,...,u,) in many variables that is either linear or affine in each variable.
The function p(uy,...,u,) is called the blossom of P(t) ,and converting from P(t) to p(uy,...,u,)

is called blossoming.

Blossoming is intimately linked to Bezier curves. We shall see in Section 3 that the Bezier
control points of a polynomial curve are given by the blossom of the curve evaluated at the end
points of the parameter interval. Moreover, there is an algorithm for evaluating the blossom
recursively that closely mimics the de Casteljau evaluation algorithm for Bezier curves. In this
lecture we shall apply the blossom to derive two standard algorithms for Bezier curves: the de
Casteljau subdivision algorithm and the procedure for differentiating the de Casteljau evaluation
algorithm. We shall also derive algorithms for converting between the Bernstein and monomial
representations of a polynomial. Other properties of Bezier curves such as degree elevation are
derived using blossoming in the exercises at the end of this lecture.

2. The Blossom

The blossom of a degree n polynomial P(¢#) is the unique symmetric multiaffine function
p(uy,...,u,) that reduces to P(t) along the diagonal. Thatis, p(yy,...,u,) is the unique multivariate

polynomial satisfying the following three axioms:



Blossoming Axioms

i. Symmetry

p(uy,....u,) = P(”a(l) ,...,ua(n)) for every permutation o of {l,..., n}
ii. Multiaffine

pug,....d=)uy +avy,...u,) = Q=) p(ug ...,y ooestty)) + A PUY Ve, Uyy)
iii. Diagonal

At,est) = P(2)

The symmetry property says that the order of the parameters uj,...,u,, does not matter when
we evaluate the blossom p(uy,...,ut;;). The multiaffine property is just a fancy way to say that
p(uy,...,u,,) 1s degree one in each variable (see Exercise 4). The diagonal property connects the

blossom back to the original polynomial. At first, these three axioms may seem very abstract and
complicated, but we shall see shortly that blossoming is both explicit and straightforward.

We are interested in blossoming because of the following key property, which we shall derive
in Section 3, relating the blossom of a polynomial to its Bezier control points.

Dual Functional Property

Let P(t) be a Bezier curve over the interval [a,b] with control points F,,...,P,. Then

P, = p(a....,ab,....b) k=0,...,n.
n—k k

We have yet to establish the existence and uniqueness of a function satisfying the three
blossoming axioms. But before we proceed to prove both existence and uniqueness, let us get a
better feel for the blossom by computing a few simple examples.

Example 1: Cubic Polynomials.
Consider the monomials 1,t,t2,t3 as cubic polynomials. It is easy to blossom these monomials,
since in each case it is easy to verify that the associated function p(uj,u,,u3) given below is

symmetric, multiaffine, and reduces to the required monomial along the diagonal:
Pt)=1 = pQu,uy,uz)=1

U +uy +ug
Pt)=t = p(ul,uz,u3)=—3
2 Uiy + Uz + Uzl
Pt)=t" = pu,up,u3) = 3

P() = t3 = py uy,u3) = wuous .
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Notice that the functions on the right hand side are, up to a constant multiple, simply the elementary
symmetric functions in three variables. Notice too that we must decide the degree of each
monomial before we blossom, since the degree of the monomial tells us how many variables must
appear in the blossom. Using these results, we can blossom any cubic polynomial, since

P(t)= (13l3 + a2t2 +aqt+ay

Uy + Uupusz + Uzl +ta U+ Uy +ug +a0
3 3 '

Puy,up,uz3) = azujupus + ap

Similar techniques can be applied to blossom polynomials of any arbitrary degree n by first
blossoming the monomials M ;? 1 = tk, k =0,...,n, using elementary symmetric functions in n

variables, and then applying linearity. This observation leads to the following results.

Proposition 1: (Blossoming Monomials)

The blossom of the monomial M} () = ik (considered as a polynomial of degree n) is given by

l/t . oo u.
Mty ity = 2.0
(k)
where the sum is taken over all subsets {ij,...,i;  of {l,...,n} .

Proof: To show that my (uy,...,u,,) is the blossom of My (f), we need to verify that the three

blossoming axioms are satisfied. By construction my (uy,...,u,;) is symmetric, since the sum on

the right hand side of Equation (2.1) is taken over all subsets {ij,...,iy} of {l,..,n}. Also the
function on the right hand side of Equation (2.1) is multiaffine, since each variable appears in each

term to at most the first power. Finally, since the number of subset of {l,..., 7} with k elements is

(%), along the diagonal

ny .k
() = By Ea

m =

k

Theorem 2: (Existence of the Blossom)

For every degree n polynomial P(t), there exists a symmetric multiaffine function p(uy,...,u,) that
reduces to P(t) along the diagonal. That is, there exists a blossom p(uy,...,u,) for every
polynomial P(t).

Proof: By Proposition 1, the blossom exists for the monomials tk, k=0,...,n. Therefore since

every polynomial is the sum of monomials and since the blossom of the sum is the sum of the
blossoms (see Exercise 1), a blossom p(uy,...,u,,) exists for every polynomial P(¢).

3



3. Blossoming and the de Casteljau Algorithm

A word about notation before we proceed. Throughout this lecture, especially in the diagrams,
we shall adopt the multiplicative notation u;---u, to represent the blossom value p(u;.,....u, ).
Though an abuse of notation, this multiplicative representation is highly suggestive. For example,
multiplication is commutative and the blossom is symmetric

Uy Uy = Ug(ly - Ug(n) <> P(Upsecislly) = P(Ug (1)U (n)) -

Moreover, multiplication distributes through addition and the blossom is multiaffine. Thus

b-u +u—ab _ b-u +u—a b
u= a u .-.u u= u ---u a u --cu .
b-a b-a 1 " b-a ! " b-a ! "
and similarly
b-u u-a b-u u-a
U= a+ b = pluy,..,u,.u) = p(uy,....u,,a)+ p(uy,...,u, .b).
b-a b-a b-a b-a

Since symmetry and multiaffinity are the main properties featured in the diagrams, the same
diagrams make sense both for multiplication and for blossoming. Thus this multiplicative notation
for the blossom is both natural and evocative. In addition, these similarities between multiplication
and blossoming suggest that corresponding to identities for multiplication we should expect
analogous identities for the blossom. In fact, we shall see an important example of such an
analogous identity in Section 4, where we introduce an analogue of the binomial theorem for the
blossom.

Using this multiplicative notation, Figure 1 shows how to compute values of p(t,...,) from

the blossom values p(a,...,a,b,...b), k =0,...,n, recursively by applying the multiaffine and

n-k k
symmetry properties at each node. For example, since
b-t t-a
t= a+ b
b-a b-a

it follows by the multiaffine property that

pla,b,t) =p(a,b,b_ta t_ab)= b-t p(a,b,a)+ f-a
b-a b

b.b).
b-a +b—a - plabb)

—-da

Similar identities hold at all the other nodes in Figure 1.

Now compare the blossoming algorithm in Figure 1 to the de Casteljau algorithm in Figure 2.
Clearly Figure 1 is the de Casteljau algorithm for p(7,...,t)= P(#) with control points
B, = p(a,...,a,b,...,b). This observation has several important consequences, which we summarize

—— —
n-k k
in Theorems 3 4.5.



_/ \
b‘/ ‘Ka b/ 'Ka by' &a
aaa aab abb bbb
Figure 1: Computing p(t,...,t) from the blossom values p(a,...,a,b,....b) , k=0,...,n. Here we
n-k k

illustrate the cubic case, and we adopt the multiplicative notation uvw for p(u,v,w). As usual the

label on each edge must be normalized by dividing by b — a , so that the labels along the two arrows
entering each node sum to one.

P(1)

b—/ ‘X_a
NN
SN NN

Figure 2: The de Casteljau algorithm for a cubic Bezier curve P(¢) on the interval [a,b].
Compare to Figure 1.

Theorem 3: (Every Polynomial Curve is a Bezier Curve)

Every polynomial can be expressed in Bezier form. That is, for every polynomial P(t) and every
interval [a,b] there exist control points F,,...,P, such that over the interval [a,b] the polynomial
P(t) is generated by the de Casteljau algorithm with control point F,,...,P, .

Proof: This result follows immediately from Figure 1, since Figure 1 is the de Casteljau algorithm

for p(t,...,t)= P(t) with control points B, = p(a .a,b,.. ,b) k=0,..
n- k k



Theorem 4: (Dual Functional Property of the Blossom)
Let P(t) be a Bezier curve defined over the interval [a,b], and let p(uy,...,u,) be the blossom of
P(t). Then

Na,...,ab,...b) = P, = kth Bezier Control Point of P(t). (3.1)
n-k k
Proof: Again, this result follows immediately from Figure 1.

Theorem S: (Uniqueness of the Blossom)
Let P(t) be a polynomial of degree n. Then the blossom p(uy,...,u,) of P(t) is unique. That is,

for each polynomial P(t) there is only one function p(uy,...,u,) that is symmetric, multiaffine, and
reduces to P(t) along the diagonal.
Proof: For any polynomial P(¢), Figure 3 shows how to compute an arbitrary blossom value

f he bl 1 =0,... ituti fi h
p(uy,...,u,) from the blossom values p(a,...,a,b,....b) , k = 0,...,n by substituting u; for ¢ on the

n-k k
kth level of the de Casteljau algorithm.
Uyl U3
b- LV »Y -a
au iy buyiny
o Nt e
abu bbu

aauy |
b—u/ M—a b_y M—ab_y y_a
ada aab abb bbb
Figure 3: Computing an arbitrary blossom value p(uy,...,u,,) from the blossom values

p(a,....,a,b,...b), k=0,..,n. Here again we illustrate the cubic case, and we adopt the
(R N ——
n-k k
multiplicative notation uvw for p(u,v,w). As usual the label on each edge must be normalized by

dividing by b —a.

Thus every blossom value p(y...,u,;) is completely determined by the blossom values

p(a,...,a,b,...,b), k=0,..,n. Now suppose that the polynomial P(¢r) has two blossoms
n—-k k

p(uy,...,u,) and g(uy ,...,u,)). Then by the Theorem 4
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p( .a,b, .. b) q(a .ab,.. b) k=0,...,n,
n— k k n— k k
since both sides represent the Bezier control points of P(f) and these control points are unique (see

Lecture 24, Section 5.2). But we have seen in Figure 3 that any arbitrary blossom value is
completely determined by these particular 7 + 1 blossom values. Therefore

p(uy,..sity) = q(Uy,.... uy,) ,
so the blossom of P(¢) is unique. %

3.1 Bezier Subdivision from Blossoming. The de Casteljau algorithm for subdividing Bezier
curves is easy to derive using the dual functional property (Equation 3.1) of the blossom. Let P(¢)
be a Bezier curve over the interval [a,b] with control points R),..., B,. By the dual functional
property,

B, = p(a,.. aw k=0...,n.

n-k k
To subdivide this Bezier curve at the parameter ¢, we must find the Bezier control points for P(t)

over the intervals [a,t] and [#,b]. Again by the dual functional property, these control points
Qs 0, and Ry,...,R, are

Qk p(a a’l’ ,t) k=0...,n
%,_/
n-k k
Ry = P(t ,1.b,.. b) k=0...,n.
n— k k

But look at Figure 1. If we interpret every triple uvw as the blossom value p(u,v,w),then the
control points Oy, and R; emerge along the left and right lateral edges of the triangle. Generalized

to arbitrary degree, this observation is precisely the de Casteljau subdivision algorithm of Lecture
25. Notice how blossoming simplifies the analysis of Bezier curves by providing natural labels for
all the interior nodes in the de Casteljau algorithm. Blossoming is a beautiful, powerful, clever,
almost magical idea.

4. Differentiation and the Homogeneous Blossom

Points along polynomial curves can be represented in terms of the blossom by invoking the
diagonal property. But what about derivatives? Curves take on values that are points in affine
space; so too does the blossom. Indeed, only affine combinations of blossom values are permitted.
But derivatives represent tangent vectors not points. To represent derivatives, we need a variant of
the blossom that takes on values in a vector space, rather than an affine space. Here we shall
construct such a blossom by applying the technique of homogenization. Homogenization lifts the
domain (and the range) from an affine space to a vector space, so we are no longer restricted to

affine combinations, but can exploit instead arbitrary linear combinations.
7



4.1 Homogenization and the Homogeneous Blossom. Monomials are the simplest

polynomials.  If P(t)=1", then P(ct)=c"t" =c"P(t). Monomials are not linear --
P(ct)=cP@) - but Plct)=c"P({) is almost as good. On the other hand, if

P(t) = antn +--+ay,n>1,then P(ct)= ¢ P(t) because different terms have different degrees.
The key idea behind homogenization is to introduce a new variable to homogenize the polynomial

so that all the terms have the same degree.

To homogenize a degree n polynomial P(t) = ), kaktk , we multiply each term £~ by w k.

Homogenization creates a new polynomial in two variables, P(f,w) = >, a =k , which is
homogeneous of degree n -- that is, each term has the same total degree n. Therefore
P(ct,ew) = c"P(t,w). We can easily recover P(t) from P(t,w) because P(t)= P(1,1).

Constructing P(t,w) from P(¢) is called homogenization; recovering P(¢t) from P(¢,w) is called

dehomogenization.

To homogenize the blossom p(uy,...,u,), we homogenize with respect to each variable

independently.  Thus the homogeneous version of p(uy,...,u,) 1is another polynomial
p((ul Vs s (U ,vn)) that is homogeneous with respect to each pair of variables (1 ,v;) . Inevery
term of p(uy,...,u,) each variable u; appears to at most the first power, so every term of the
homogeneous polynomial p((ul,vl), ...,(un,vn)) has as a factor either u;, or v, but not both. Since

p((ul Vs e (U ,V n)) is homogeneous of degree one in each pair of variables (1 ,vy)

p((ul ,vl),...,c(uk,vk),...,(un,vn)) = cp((ul,vl),...,(uk,vk),...,(un Vi )).
Again we can dehomogenize p((ul,vl),...,(un,vn)) by setting v, =1, k =1,...,n. Thus
Pty 1) (D) = Pty ety -

We can also blossom the homogenization of P(#). We define the blossom of a homogeneous
polynomial P(¢,w) to be the unique symmetric, multilinear polynomial p((ul,vl), ...,(un,vn)) that

reduces to P(t,w) along the diagonal. Thus the homogeneous blossom satisfies the following
axioms.



Homogeneous Blossoming Axioms

i. Symmetry
A1) (g Vi) s (Ut v,)) = p((uo(l),vo(l)),...,(ua(n) ,va(n))) for every
permutation o of {l,...,n}
ii. Multilinear
p((u1 V1)U Vi) + (TS ) -0 (U, ,vn))
= p((u1,vl),...,(uk,vk),...,(un Vi )) + p((ul,vl),...,(rk,sk),...,(un ,vn))
p((ul V1) e esC(UEVE ) ..,(un,vn)) = cp((ul,vl),. e U V) Uy vy, ))
iii. Diagonal

(W), (t,w)) = P(t,w)

Geometrically, the variables 7,u;,..,u,, represent parameters in a 1-dimensional affine space.
The homogenizing parameters w,v;,..,v,, play the role of mass, lifting the variable #.u,,..,u, from

a 1-dimensional affine space to a 2-dimensional vector space, where we can perform linear algebra.

Thus in the homogeneous blossom, we have replaced the multiaffine property by the
multilinear property:
p((ul,V1),...,(uk,Vk)+(rk,Sk),...,(un,Vn))
=p((ul,VI),...,(l/lk,Vk),...,(un,Vn))+p((ul,VI),...,(rk,Sk),...,(l/ln,vn))

p((ul ,Vl ),...,C(uk,Vk),...,(Mn ,Vn)) = Cp((ul ’Vl)a ...,(Mk,Vk),...,(un ,Vn )) .
This property is equivalent to the fact that for each parameter pair (u;.,v;) , either u; or v; but not

both appear in each term to the first power (see Exercise 5).

Now starting with any polynomial P(¢), we can blossom and then homogenize or we
homogenize and then blossom. Figure 4 illustrates how this works in practice for the monomials

1,t,t2,t3 considered as cubic polynomials. Notice that if we blossom and then homogenize we get

the same result as when we homogenize and then blossom. We formalize this result in Theorem 6.

P(ty=1 PIOSSOM Oy upuz) =1

homogenize i i homogenize

bl
P(t,w)=w’ O . (g 1) (119,v2),(u3,v3)) = vivov3
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blossom U+ ur+u
P(=t g plugupuz)=——>2r 3

3
homogenize homogenize
2 blossom UIVoV3+ UpV3V] + U3VIV)
P(tw)=tw A(ug v (ug,v2),(u3,v3)) = 3
2 blossom ujly + Us Uz + Uzl
P()=t" — g Puy,up,u3)= 3
homogenize homogenize
2 blossom UjUrV3 + UpU3V| + U3U V)

Paw)=t"w ——— = p((uy,v1)(u2,v7),(u3,v3)) =

3

3 blossom

P(ty=t ——p Pluy,up,u3)=ujurus

homogenize homogenize

3 bl
P(tw)=t ﬂ» (g v (un,v2),(u3,v3)) = uyupuy

Figure 4: Blossoming and homogenizing the monomials 1,7, £ ,t3. Observe that blossoming and

homogenization commute.

Theorem 6: Blossoming and homogenization commute.

Proof: This result follows immediately from Figure 5, since it is straightforward to verify that the
functions in the right hand column are symmetric, multiaffine on top, multilinear on bottom, and
reduce to the corresponding functions in the left hand column along the diagonal.

blossom
Seer(t T g BycrZiy i

homogenize homogenize

blossom
Ekck(Z)tkw”'k e DkCkDUiy U Vi, Vi,

Figure 5: Blossoming and homogenization commute. The inner sum on the right hand side is
taken over all subsets {i|,...,i;} of {l,..., n}.
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Notice that Figure 5 also establishes the existence of the homogeneous blossom, since the
expression in the lower right hand corner of the diagram is symmetric, multilinear and reduces to
the expression on the bottom left along the diagonal. Uniqueness follows from dehomogenization:
if we dehomogenize the homogeneous blossom, then we get the multiaffine blossom. Since the
multiaffine blossom is unique, rehomogenization shows that the homogeneous blossom is also
unique.

We constructed the multiaffine blossom in Figure 3 by blossoming the de Casteljau algorithm,
replacing ¢ by a different parameter u;, on the kth level of the algorithm. We can do the same for
the multilinear blossom. Begin by homogenizing the de Casteljau algorithm. This amounts to
replacing b—t —bw —t and f—a— t—aw to insure that each term has the same total degree (see
Figure 6). To blossom, we now replace the pair (t,w) by the pair (u;,v;) on kth level of the
algorithm (see Figure 7). This process generates a symmetric, multilinear function that reduces to
the homogeneous curve when we replace each pair (uy,v;) by (¢£,w). This function is multilinear
rather than multiaffine because it is linear in (1 ,v;) on the kth level of the algorithm. Thus u; or
vy , but not both, appears in every term to the first power. Notice, by the way, that if we blossom

first and then homogenize, we get exactly the same diagram. Blossoming first gives us Figure 3;
homogenizing this diagram generates Figure 7. We illustrate all four variants of the de Casteljau
algorithm -- original, blossomed, homogenized, and blossomed and homogenized -- in Figure 8.

tet
bw - / ‘X— aw
att bt
bw —t/ ng bw / \_ aw
aat abt bbt
NIV AN,
aaa aa ubb b

Figure 6: The homogeneous version of the de Casteljau algorithm for cubic Bezier curves. This
diagram is generated from the de Casteljau algorithm (Figure 1) by replacing b—¢ —bw -t and
t—a— t—-aw along the edges of the triangle. Here we use ~ to denote homogeneous values, so
f = (t,w) while a = (a,1) . Notice that

bw —t t-
w (a,l)+ aw
b-a

(t,w) = (b,)).

-da
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Therefore by the linearity of the homogenous blossom

p(abt) p(abb ta+t—awb)=bbw—t
—-a

plab,a)+ = pabb),
b-a

b-a b-a

and similar identities hold at all the other nodes in this diagram.

Uz
bvz - V \3 avs
aul Lt2 bul i
bV2 —Uup bV2 —u
Uy — avyp Un — avy

aauy abuy bbuy
bvi —u Vi— U bvi -1y
1~ / ‘% av, ur - av U —av|

Figure 7: The homogeneous blossom of a cubic Bezier curve. This diagram is generated by
blossoming the homogeneous version of the de Casteljau algorithm (Figure 6) -- that is, by
replacing the pair (¢#,w) with the pair (u;,v;) on kth level of the algorithm. This diagram can also
be generated from the multiaffine blossom (Figure 3) by homogenizing the functions along the
edges. Thus once again we see that blossoming and then homogenizing is equivalent to
homogenizing and then blossoming. As in Figure 6, we use ~ to denote homogeneous values, so
u = (u,v) while a = (a,1) . Notice that

bv—-u

(uv) =

—(a D+ . ‘;V b.]) .

Therefore by the linearity of the homogenous blossom

i by, - - by - -
p(a,b,u1>=p(a,b, 4 B ‘wlb)= T ab.a) v A2 pabb),
b-a b-a b-a b-a

and similar identities hold at all the other nodes in this diagram.

12



\i

\ blossom bt <
ﬁ

btt

bu,u,
a V Y b—V %a b—V ‘%_a
bt aau] abu, bbu,
{—a V w b V w b y w b y Xl_a
b bbb X X

—
|

S
S

\f.

ab

aaa aa ab bbb
homogenize homogenize
prpEEE U ug o

bw/ Ylw bv3—V ‘&a%
A+l D pkpr blossom
a —— buju
bwt \w bV t—aw bvz—V wvz bvry %avz

bbt* aaur abu* bbu

bVV \W bV ‘YV b/ \ bvl—y' wvlbvlu/' wavlva ‘\—av]

Figure 8: Four versions of the de Casteljau algorithm for cubic Bezier curves: the standard
version (upper left), the homogeneous version (lower left), the blossomed version (upper right), and
the homogeneous blossom (lower right). Blossoming and homogenization commute, since we get
the same result by traversing right and then down or down and then right. Here we use * to denote

homogeneous values, so ‘= (t,w) and u = (u,v) whereas a=(a,]) and b=®.,1).

4.2 Differentiating the de Casteljau Algorithm. We built the homogeneous blossom to deal
specifically with differentiation. We are now going to use a variant of Taylor’s theorem along with
the binomial expansion of the homogenous blossom to derive a formula for the derivatives of a
polynomial in terms of the values of its homogeneous blossom.

Theorem 7: (Taylor’s Theorem)

Let P(t) be a polynomial of degree n. Then
n pk)
Pir+iy= 3 D pk (4.1)
k=0 K

Proof: Recall from calculus that the standard version of Taylor’s theorem is:

13



" (n)
PUﬂ=PU)+FUXX—0+P;ﬂ(x—02+m+I)m“%x—ﬂn.
Setting x =t + h yields . .
" (l’l)
P(t+h)=P(t) + P'()h + PT(‘t)h2+-.-+ P |(t)h”. v
. n.

We can also compute P(z + h) using the diagonal property of the homogeneous blossom. Let
t=(t1), and 6 =(1,0). Then
t+h=@+hl)=>1)+h(1,0)=t+ho.
Therefore by the diagonal property of the homogeneous blossom
P(t+h)= p(t+ hd,...,t + ho) .
We can expand p(t+ho,...,t+hd) by the multilinear property to get a formula for

p(t + ho,...,t + hd) similar in form to the binomial theorem.

Theorem 8: (Binomial Expansion)

Let p(uy....,u,) be a symmetric multiaffine function. Then
n

Kt + 7o t+hd) =3 (Op(te..t.d...)h" (42)
k=0 n-k  k

where t=(t,1) and 6=(10).
Proof: The proof is an inductive argument, similar to the inductive proof of the binomial theorem.
We illustrate the case n =2 and leave the general case as an exercise (see Exercise 8). To prove the
result for n =2, just expand by linearity:
Pt +hd,t+ hd) = p(t,t+ hd)+ p(hd,t + hd)
= p(t,t) + p(t,hd) + p(hd,t) + p(hd,hd)
= p(t,t) + 2p(t,hd) + p(hd,hd)

= p(t,1) + 2p(t8)h + p(8,8)h*>.

k2

Theorem 9: Let P be a polynomial of degree n, and let p be the homogenous blossom of P. Then

——p(t,...,1,0.....,0), (4.3)
(=t e

PP @) =

where t=(t,1) and 6 =(10).
Proof: By the diagonal property of the homogeneous blossom
P(t+h)= p(t+ ho,...,t + ho).
and this equality is valid for all values of 4. Comparing the coefficients of n* in Equation (4.1)
14



and Equation (4.2) for P(¢+ h) and p(t + hd,...,t + ho) yields
!
PO@W =L pt, . 1.5,..9). T

— ) s 9 c e
(n-k)! T—k ﬁfﬁk

Thus to find the kth derivative of a polynomial P(¢),we need only compute the blossom value
(t,...,1,0,...,0) and multiply by a constant. But we have already shown that by blossoming and
n—k k
homogenizing the de Casteljau algorithm, we can compute the homogenous blossom
p((ul,vl),...,(un,vn)) for any values of the parameters (uy,vq)....,(u,.v, ) (see Figure 7). We

illustrate the algorithms for computing p(t,...,t,0) and p(t,...,t,0,0) in Figures 9,10.

Notice that if we homogenize the de Casteljau algorithm and then we replace (¢,w) — (1,0) on
any level of the de Casteljau algorithm, the effect is to replace bw -t — -1 and t-aw — +1; that
is, the effect is to differentiate one level of the de Casteljau algorithm. Now if we replace
(t,w) — (¢,1) on the remaining levels of the algorithm -- that is, if we dehomogenize the remaining
levels -- then, up to a constant multiple, we get the derivative of the original Bezier curve (see Figure
9). If on klevels of the homogeneous de Casteljau algorithm we replace (¢,w) — (1,0) and on the
remaining n -k levels we replace (¢,w) — (¢,1) , then, up to a constant multiple, we obtain the kth

derivative of the original Bezier curve. This algorithm is precisely the derivative algorithm we
introduced in Lecture 24. Blossoming provides an alternative proof as well as a more general

1t
atd btd
TN N
aad abd bbd

daa aab abb bbb

Figure 9: The first derivative of a cubic Bezier curve. Compare to Figure 7 with
(ul,VI) =0= (190) ’ and (l/l2 sVZ) = (u3,V3) = (tal) .

algorithm.
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Figure 10: The second derivative of a cubic Bezier curve. Compare to Figure 7 with
(uy,vp) = (up.v2) =0=(10),and (u3,v3) = (1.,1).

4.3 Conversion Algorithms Between Monomial and Bezier Form. We can also use
blossoming to develop algorithms to convert between monomial and Bezier form. That is, given the
monomial coefficients of a polynomial, we can find the Bezier control points, and conversely given
the Bezier control points we can find the monomial coefficients. The key observation here is that
the monomial coefficients are derivatives, at least up to constant multiples, and we have just seen
that derivatives can be represented, at least up to constant multiples, by values of the homogeneous
blossom.

To see the connection between monomial coefficients, derivatives, and blossom values, suppose

P(t)=ay +a1t+---+aktk+---+ant”.

Recall that by Taylor’s theorem

P®© P
P(t)= PO)+ P01+t b Ok PO
k! n!
Comparing the coefficients of € and invoking Theorem 9 yields
p® )
Q) = ——= 3) p(O,...];O,(S,.].(. ), k=0.,...,n, (4.4)
n_
or equivalently
_ %
p0...,09.,....0) = —,
n-k k k

where 8 =(1,0) . Equation (4 .4) is reminiscent of Equation (3.1) for the interval [0,1]

P, = p(,...0.1,....1) k=0,...,n,
n-k k
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which gives the Bezier control points of P(#) over the interval [0,1]. Thus to convert between
monomial and Bezier form, we need only convert from one set of blossom values to another. We
illustrate these conversion algorithms for cubic curves in Figure 11; these algorithms generalize to
arbitrary degree in the obvious manner. Notice that to convert between monomial and Bezier form,
the monomial coefficients must be normalized by multiplying or dividing by binomial coefficients.

111

Monomial _/ \ . 1/‘ N

Bezier
CO@fflClentS Control Points o 119
006
-l/\ -1/\ SN /‘\ /\ /
000 001 011 1 11 000 086
Bezier Control Points Monomial Coefficients
(a) Bezier to Monomial Form (b) Monomial to Bezier Form

Figure 11: Conversion between cubic Bezier and cubic monomial form. In (a) we convert from
Bezier to monomial form; in (b) we convert from monomial to Bezier form. Notice that the labels
along the edges in these diagrams do not need to be normalized because
1=(1,1)=(0,1)+(1,0) =0 +6 . Thus we subtract at each node to get from Bezier control points to
monomial coefficients, and we add at each node to get from monomial coefficients to Bezier control
points. These algorithms work in arbitrary degree. Notice that the diagram for the algorithm to
covert from Bezier to monomial form is the same as the diagram for the algorithm to compute the
nth derivative of a Bezier curve over the interval [0,1].

5. Summary

Blossoming is a potent tool for deriving properties of Bezier curves. In this lecture we applied
blossoming to derive the de Casteljau subdivision algorithm and the de Casteljau differentiation
algorithm for Bezier curves, as well as algorithms to convert between monomial and Bezier form.
B-splines can also be conveniently investigated from the perspective of blossoming; we shall
investigate B-splines in our next lecture.

Blossoming is related to Bezier curves because each node in the de Casteljau algorithm has an

interpretation in terms of a blossom value. There are also several important variants of the de
Casteljau algorithm that can be generated by straightforward substitutions.
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Blossoming:

t — uy, on the k" level

Homogenization

t—-a—t-aw 1 1
on eve cve
b-t—=bw-t vy

Differentiation (kth derivative)

t-a—1 !
4 on k levels and multiply the output by "
b-t—-1 (n-k)!

We illustrate the blossoming interpretation of the de Casteljau algorithm along with these three
variants of the de Casteljau algorithm for cubic Bezier curves in Figure 12-15. As usual, we use the
multiplicative notation uvw to represent the blossom value p(u,v,w).

S

bit

/\/”\

bbt

-/\ /\/\

Figure 12: The de Casteljau evaluation algorithm for cubic Bezier curves with each node
interpreted as a blossom value.

Ujiipli
b- uf % p
auji buyy
NG
aauy abiy bbuy

NN

Figure 13: The blossomed version of the de Casteljau algorithm for cubic Bezier curves.
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Figure 14: The homogeneous version of the de Casteljau algorithm for cubic Bezier curves:

/\ /\

bbo

N /'\/\

Figure 15: The differentiated version of the de Casteljau algorithm for cubic Bezier curves:
0=(1,0).

We close with a summary of the primary properties of the blossom. The first three
properties are the blossoming axioms -- the three properties that uniquely characterize the blossom.
Property iv is the key connection between blossoming and Bezier curves, and Property v is the
connection between blossoming and differentiation.

Primary Properties of the Blossom

i. Symmetry
puy,....u,)= p(ua(D ,...,ua(n)) for every permutation o of {l....,n}.
ii. Multiaffine

pug,...,A=a)up +avp,...,u,) =Q=0)p(Uy .. Uy oo slty) +OPUY e Voo Uyy)
19



iii. Diagonal
P(1)= p(t,....1)
n
iv. Dual Functional
P, = p(a....,ab,...b) = kth Bezier Control Point
k k
n_

v.  Differentiation

|

PP ) = £.5,...0) 5=(10)

——p(t,... 1,
(n-k)! AT

Exercises:

1. Let P(¢) and Q(¢) be polynomials of degree n. Prove that:
a. If R(t)= P(t)+ Q(t),then r(uy,....u,) = p(uy,...u,) + g4y ..., Uy, .
b. If §(¢) =cP(t),then s(uy,....u,) = cp(uy,....u,).

2. Let P(1)=(t-a)". Show that puy,e..uy)=(uy—a)--(u, —a.

n
t—t n
3. Let Bcn(t) =%, k=0,...,n,and let P(t)= EP;?(I)Pk. Using the result of
[Tk — 1) k=0

Exercise 2, show that B, = p(tg,...,tp_ st ks 100 15) -

4. Let p(uy,...,u,,) be a polynomial in which each variable appears to at most the first power. Show

that p(uy,...,u,,) is multiaffine.

5. Let p((ul,vl), ...,(un,vn)) be a polynomial in which either u; or v , but not both, appears in

every term to the first power for k = 1,...,n. Show that p((u1 Vs e (U ,vn)) 1s multilinear.

6. Let uy---u, denote the polynomial (u; —¢)---(u, —t). Show that with this interpretation the

algorithms represented by Figures 1 and 3 remain valid.

7. Let P(¢t,w) and Q(t, w) be two homogeneous polynomials of degree n. Show that
P(ct,ew)  P(t,w)
Olct,ew)  Q(t,w)
b.  P(tw)=w"P(t/w,)).
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8. In this exercise, you will complete the proof of Theorem 8.
a. Use induction to prove the binomial theorem

< k, n—k
(a+b)" =3 (Dab"™".
k=0
b. Mimic the inductive proof of the binomial theorem in part a to prove that

n

n
p(t+ho,...,.t+hd)= /Eo(k )p(t,..,t,0,...,0)h
= n-k k

k

9. Let P(t) be a polynomial of degree n over the interval [a,b] with Bernstein coefficients
By....,P,. Let G(P)(1)=(t,P(r)) denote the graph of the polynomial P(r). Show that the Bezier
control points of G(P)(t) over the interval [a,b] are given by

k(b -a)

Qk=(a+ ,Pk) k=0,...,n.

10. Let M ]? (t,a)=(t- a)k , k=0,...,n denote the monomial basis at x =a. Develop algorithms

to convert between:
a. the monomial basis at x = a and the Bernstein basis over the interval [a,b].
b. the monomial basis at x =0 and the monomial basis at x =a.
c. the Bernstein basis over the interval [a,b] and the monomial basis at x =0.

11. Using the results of Exercises 9,10c and the intersection algorithm for Bezier curves in Lecture
25. Section 3.1, develop an algorithm for finding the roots of a polynomial lying in the interval
[a,b].

12. Let B,? () denote the Bernstein basis functions over the interval [a,b] and let L(t)=ct+d be

a linear function.
a.  Using the dual functional property, show that

n
i. Bl ()=1.
k=0

.. z k n
ii. D (a +—(b- a))Bk ) =t.
k=0\ 7
b. Using the result of part a, show that

§ L(a+ f(b- a))B,?(;) =L1(1).
k=0 n
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13. Let B,? (f) denote the Bernstein basis functions over the interval [0,1]. Using the dual

functional property, prove the following identities:

a3 GBIo=(!  j=0,.n
k=0

b. §: DB (1) =(1-20)"
k=0

n_lk
2()

—— By, (0B ()=(x-"
k=0 (%)

14. Let P(t) be a Bezier curve of degree n over the interval [a,b]. Every polynomial of degree n is
also a polynomial of degree n+1. Let p,(u....,u,) denote the blossom of P(f) as a polynomial
of degree n andlet p,  (u;...,u, 1) denote the blossom of P(#) as a polynomial of degree n+1.
In addition, let Fy....,P, be the Bezier control points for P(¢) as a polynomial of degree n and let

Qo »--,0,41 be the Bezier control points for P(t) as a polynomial of degree n+1. Show that:

n+1
P (U U 1oy ] -5 U 4 1)
& Ppt(Upeesltye) = 2 :

el n+l
k n+l-k
b. Qk =mPk_l+ﬁPk k=0,...,l’l+1.
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