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System of Forces and Moments
Introduction

The moment vector of a force vector, F , with respect to a point has a magnitude equal to
the product of the force magnitude, F, and the perpendicular distance from the point to the
line of action of the force, D: M = D F. The direction of the moment is through the point and
perpendicular to the plane containing the point and the line of action of the force. Its sign is
defined by the right hand rule.
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Figure 1 Force, F, with lever arm, D Figure 2 Force components with lever arms

An alternative equivalent to finding the perpendicular distance between the point and the

force is to compute the individual components of the moment vector, M. Consider force
components in the Y-Z plane, F, and F,. They cause a moment about the X-axis. The

components of the position vector in that plane are r;, and 7,. Note that distance r,, is the
perpendicular lever arm of component F,, and likewise for r, and F,,. However, their
turning effects, with respect to the origin, have different signs (counter-clockwise is
positive). Therefore, you can write the moment component about the X-axis as

M, =, F, — r,F,. (1a)

Note the x-y-z sequence of the first three subscripts. The other two components of the
moment vector follow a permutation of that pattern (x-y-z, y-z-X, z-x-y). Namely,

M, =1, — 1k
M, = E, — r,F,. (1b)

The first two terms in each of the three moment components follow the x-y-z permutation,
and the last product in any single component reverses the subscripts of the prior product.

The above alternative corresponds to the vector cross product of position vector 7 and
force vector F:
M=7xF. (2)
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The above component sequence permutation applies to any cross product of two vectors:

(=AxB o C,=A,B,—4,B,

Cy = A,B, — A,B,
C, = AB, — A,B, (3)

This form of the moment component calculations is easily entered into TK Solver. This
component form is used in the presented examples below.

In addition to finding the moment of a force at a point, you frequently need to find the
portion of that moment that acts on a line through the point. That portion is called the
moment of a force about a line. The magnitude of the moment about the line is the
perpendicular projection of the total moment magnitude onto the line. That action is

shown in Figure 3. In other words, it is the dot product of the moment vector and the unit
vector that defines the direction cosines of the line:

- -
Mpine = Mpoint * €Lines (4)

and the full vector moment about the line (including its components signs) is

4 -
Mine = Myine€rine- (5)

Line

Figure 3 Projecting a moment vector onto a line

In general, Newton'’s static equilibrium relations involve both forces and moments.
Specifically, the resultant force must vanish, as must the resultant moment about any
arbitrary point, say P:

Zﬁz_), ZMP=6

Almost all of the future applications will involve the use of moment equilibrium.
Frequently, the choice of the location of the moment point, P, is taken at a point on the line
of action of the force with the most unknown components. Since the lever arm to such
forces is zero, those force vector components do not appear in the equations for the
moment vector components.

You can write valid moment equations at different points. With TK Solver, it is actually
useful to have additional valid equations in the rule set. In the past, students were required
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to solve many different applications to learn by experience how to pick points that
introduce the minimum number of unknowns into the moment equilibrium. Using TK
Solver, you just need to count the number of unknowns and write at least that many valid
equilibrium rules by using various FBD’s and/or by selecting various points for calculating
the resultant moments.

In this chapter, you learn how to calculate resultant moments and forces needed for
equilibrium. In the next chapter, you will use them in solving equilibrium relations for
objects of more complicated shapes.

Example 4.3

The system and the FBD’s are shown in Figure 4. Assume that force Cisin compression
and acts up to the right. Here, there are three unknowns, forces C_x, C_y, and the cable
tension magnitude, T (since the pin support force at B must be equal to the straight cable
force there). As a two-dimensional problem, force equilibrium gives two equations, and
moment equilibrium gives one equation (about the axis perpendicular to the plane) per
FBD. Here, you could draw three FBDs: the system, the inclined bar, the inclined cable.
With experience, you would note that taking moments about point C would give you the
tension magnitude directly as the single unknown. But, that is not a necessary choice as
shown below.

B=T

Figure 4 A concurrent bar-cable system with dimensions

First, note the geometry data. Itis clear that points B and C are directly above each other.
The cable force (and the external force at support B) has a known direction. From the
given coordinates (forming the rare 3:4:5 triangle) you could write the direction cosines of
the cable by inspection. Instead, you can always construct the (straight) cable’s unit vector
from those data (e,5). Also note that the horizontal lever arms of the weight, with respect
to points A, B, C, are so obvious that they can be used directly, without building a unit
vector. The given horizontal and vertical distances will be denoted by h and v, respectively
here. Invoke moment equilibrium. Take moments about the z-axis at point A (with
counter-clockwise taken as the positive sense), in FBD 1:
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ZMA = UACCx - hACCy + hAWW = 0.
Force equilibrium in FBD 1 gives
YE=Ci+ Teyy=0,
YXE =C + TeyAB— W =0.

This system of three equations and three unknowns can be solved by TK. You can also
write a redundant equation by taking moments about point B (and/or about C):

ZMB == LBccx - hCWW s 0

Note that the vertical force component C,, did not enter the last equation because its line of
action passed through point B (hg: = 0). Now you have four equilibrium equations and
three unknowns. Those rules are given in Figure 5. Especially note that the lengths were
given their absolute values. Thus, the signs of the unit vector were determined by
inspection. That is also true for the moment calculations. For more complicated
geometries to be covered later you would use Eq 1 directly, and supply the algebraic values
for the known distance or force components. As noted above, you could have originally
written a redundant fourth (or fifth) equation of equilibrium (shown in Figure 6).

Status Rule
Comment| ;Bedford-Fowler Example 4.3

Comment| ; Force and Moment Equilibrium

Satisfied | v AC*C x-h_AC*C y+h AW*W=0; ZM z=0atA
Satisfied | C_x+T*e_ABx=0 ; 2F x=0
Satisfied | C_y+T*e ABy-W=0 ;ZF_y=0

Comment| ; Line AB unit vector

Satisfied | L_AB*2 =h_AB*2 +v_AB"2 ; length of AB
Satisfied | e_ABx=-h_AB/L_AB

Satisfied | e_ABy=v_AB/L_AB

Satisfied | L_AC*2 = h_AC*2 +v_AC*2 ; length of AC

Figure 5 Equilibrium and geometry relations for the bar-cable system

Status Rule
Comment| ; Extra (optional) equations
Satisfied | L_BC=v_AB +v_AC ; Length of BC
Satisfied | L_BC*C_x-H_CW*W=0 ; ZM_z=0atB

Figure 6 Redundant moment equilibrium relation

Copyright J.E. Akin. All rights reserved. Page 4 of 11



Bedford, Fowler: Statics. Chapter 4: System of Forces and Moments, Examples via TK Solver

Here, those additional two lines were appended to the bottom of the file. They, of course,
did not change the outputs for the force components. The corresponding original output is
given in Figure 7, and it agrees with the text result.

Input Name Output Unit Comment
Bedford-Fowler Example 4.3
Geometry
4 h_AB ft Horizontal distance {abs)
3 v_AB ft Vertical distance (abs)
L_AB 5 ft Length of AB
4 h_AC ft Horizontal distance {abs)
4 v_AC ft Vertical distance (abs)
L_AC 5.656854 | ft Length of AC
2 h_AW ft Horizontal distance (abs)
e_ABx -8 Unit vector component
e_ABy .6 Unit vector component
Force components
300 W Ib Weight
C_x 85.71429 | Ib Base x-force (compression)
C_ vy 2357143 | b Base y-force (compression)
T 107.1429 | Ib Cable tension

Figure 7 Force and geometry results for the bar-cable system
Example 4.8
This problem is a straightforward calculation of finding the moment at a point on a line and
then projecting that moment onto the line. The geometry and given vectors are shown in

Figure 8. There are more geometry calculations that for the moments. The rules for both
y y

BC

B

Z
Figure 8 Force causing a moment about a line

are shown in Figure 9. Again, note the non-procedural nature of TK Solver in that position
vector 7', is utilized in the first row, but is not defined until later. In this case, the algebraic
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sign of each component is input and the general moment equations of Eqs 1, 4 and 5 are
employed. The outputs are given in Figure 10.

The sign of the magnitude of the moment My is positive (which differs from the text).
That means it has the same direction as unit vector €g.. If using the right-hand-rule, point
your thumb toward point C from point B. Your fingers then show the direction of the
turning effect of the force F about line BC.

Status Rule
Comment| ; Bedford-Fowler Example 4.8

Comment| ; Moment of F with respect to point B
Satisfied M x=F vy*r BAz-F z*r BAy
Satisfied M y=F z*r BAx-F x*r BAz
Satisfied M z=F x*r BAy-F y*r BAx

Comment| ;Line BA
Satisfied |r BAx= Ax- Bx
Satisfied | r BAy= Ay- By
Satisfied | r BAz= Az - Bz

Comment| ; Line BC

Satisfied r BOx=Cx- Bx

satisfied | r BCy= Cy- By

Satisfied r Bi’z=Cz- Bz

Satisfied | L_BC"2=r BCx™2 +r BCy"2 +r BCz"2

Comment| ; Unit vector from B to C
Satisfied | e BCx=r BCx/L BC
Satisfied | e BCy=r Bly/L BC
Satisfied e BCz=r BCz/L BC

Comment| ; Project moment at B onto line BC
Satisfied M BC=DM x*e BCx+M y*e BCy+ M z*e Bz

Comment| ; Vector moment about BCis M BC * e BC
Satisfied M BECx=DM BC*e BCx
Satisfied M BCy=DM BC * e BCy
Satisfied M BCz=M BC *e Bz

Figure 9 Rules sheet for moment of a force about a line.
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Input Name Catput Unit Comment
; Bedford-Fowler Example 4.8
; Geometry data

4 Ax m Point x coodinate

2 Ay m Point ¥ coodinate

2 Az m Point z coodinate

o Bx m Point x coodinate

] By m Point ¥ coodinate

3 Bz m Point z coodinate

o Cx m Point x coodinate

< Cy m Point ¥ coodinate

o Cz m Point z coodinate
r Bax 4 m Component of relative positionr BA
r BAy 2 m Component of relative positionr BA
r BAz -1 m Component of relative positionr BA
r BCx 0 m Component of relative positionr BC
r BCy 4 m Component of relative position r BC
r Bz -3 m Component of relative positionr BC
L _BC 5 m Length of positon vector BC
e BCx 0 Unit vector component for BC
e BCy B Unit vector component for BC
e BCz -0 Unit vector component for BC

-2 F x N Applied force component at point A

i F y N Applied force component at point A

3 F z N Applied force component at point A
M x -12 N-m MMoment of F with resect to point B
M ¥ 10 N-m Moment of F with resect to point B
M z -18 N-m MMoment of F with resect to point B

_~ Note the sign

M _ B 24 .8 & N-m MMagnitude of moment of F about BC
M BCx (O N-m Component of vector M_EB(C
M BCz | -14.88 N-m Component of vector M_B(C
M BCy | 19.84 N-m Component of vector M_EB(C

Figure 10 Outputs for moment about a line by a force
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Example 3.5 Revisited

You found the three unknown cable forces in Example 3.5 by using only force equilibrium.
That was probably the simplest way to solve that problem. You could have used only the
three moment equilibrium equation about the x-, y- and z-axes. The figures for that
problem are repeated here in Figure 11.

With experience, you might observe that cable forces T_AB and T_AC would pass through
line BC and therefore would have no moments about that line. Only the weight W and cable
force T_AD do not intersect that line. Therefore, a rule that says that the resultant moment
about line BC is zero would give you one equation and one unknown. You really do not
need observations like that, unless you are trying to minimize hand calculations (or save
time on a test). Nevertheless, the TK rules for that calculation are shown in Figure 12 to
illustrate moment equilibrium about a line caused by multiple forces.

Figure 11 Moment of two forces about a line

Knowing that you are going to take moments about line BC, there are two reasons that

justify omitting the moment of cable tension ?AC- The first is the physical observation that
the line of action of force AC intersects line BC. Therefore, it has no lever arm with respect
to that line. The second reason is a purely mathematical one. The vector algebra definition

of the magnitude of the moment of tension TACabout the line is identically zero:
- - - 77') - e d —
M—BCAC S eBC . (TBC X TAC) == ﬁ . (TBC X TAC) = 0

That is because for any two vectors, AandB,C= 4- (/Y X §) = 0 since (/T X E) is
perpendicular to both A and B. Thus, its dot product with A is zero.
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Status Rule
Comment ; Ex 33 Equilibrium Revisited
Corment ; Assume all cahles are in tension.
Corment ; Position vector firom B to A

satisfied r BAx=x A-x B
Satisfied r BAy=y A-v B
satisfied r BAz=z A-z B
Satisfied L BA=sgri(r BAx"2+r BAy"2+r BAz"2)

Corment ; Position vector from B to C

satisfied r BCx=x C-x B

Satisfied r BCy=y C-y B

satisfied r BCz=z C-z_B

Satisfied L BC=sgri(r BCx"2+r BCy"2+r BCz"2)

Corment ; Position vector from A to D

satisfied r ADx=x D-x A

Satisfied v ADy=y D-v A

satisfied r ADz=z D-z_A

Satisfied L AD=sgri(r ADx"2+r ADy"2+r ADz"2)

Comnent i Unit vectors (Divection cosines)
Satisfied e BCx=r BCx/L_BC ;Line BC
Satisfied e BCy=r BCy/L BC

satisfied e BCz=r BCz/L_BC

satisfied e ADx=r ADx/L_AD ; Tension T_AD
Satisfied e ADy=1r ADy/L AD
satisfied e ADz=1r ADz/L_AD

Comment ; Momenis of forces not hitting line BC, taken at point B

Satisfied temp x=r BAy*(T AD*e ADz+ 0)-rv BAz * (T AD *e ADy+Wy)
satisfied temp_y=1r BAz *(T_AD *e_ADx+ 0)-r BAx*(I_AD*e_ADz+ )
Satisfied temp z=r BAx*(T AD*e ADv+Wy)-r BAy*(T AD*e ADx+ D)

Comnent ; Mow projected onto line BC (dot product)
satisfied M BC=temp x*e BCx+tienp v *e BCy+iemp z*e BCz

Comment ; Equilibrium
Satisfied M EC=0
Satisfied Wy=-W
Satisfied W=m*g

Figure 12 Equilibrium via moments about a line
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Inpui Mame Ouiput Unit Comment
Bedford-Fowler, Ex 3.5
W 081 Iy Weight magnitude
100 m kg Hanging mass
981 z m's"2 Gravitational constant
Wy -Dg1 Il Component value
T_AD 1682401 | N Cahle force AD (tension)
M EC |0 MN-m Equilibrium
0 X A m Point coordinate data
-4 Yy A m Point coordinate data
1] z A m Point coordinate data
4 x B m Point coordinate data
1] vy B m Point coordinate data
2 z B m Point coordinate daia
-2 x C m Point coordinate daia
0 y C m Point coordinate daia
-2 z C m Point coordinate daia
-3 x D m Point coordinate data
1] ¥y D m Point coordinate data
3 z D m Point coordinate data
Moment arm
r Bax | 4 m length increment
r BAy | 4 m length increment
r Baz | -2 m length increment
Line unit vectors
e ADx | -5144058 direction cosine wr.l. x
e_ADy | 6859943 direction cosine wr.t.y
e _ADz | 5144958 direction cosine wr.i. z
e BCx | -8320503 direction cosine wr.l.x
e BCy |0 direction cosine wr.l. v
e BCz | -5547002 direction cosine wr.i.z
temp x | 2077412 N-m temporary component
temp_y | 5193529 | N-m temporary component
temp z | 3116118 | N-m temporary component

Figure 13 Finding tension T_AD with one equation
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Admittedly, the number of analytic geometry calculations is large, but they represent terms
you would have to calculate by hand. You could probably do those calculations by hand
faster than you could type the TK rules. The main point here is to emphasize the mechanics
given in the last seven rules. Note that it would have taken fewer rules to include the
equilibrium about line BC if they had just been added to the rules in the prior solution of
Example 3.5. Before, position vector 7,zwas employed and you could have just used its
negative value as the lever arm for both the weight and tension instead of computing 7g,4.
The same is true for the unit vectors introduced in this revision.

For the beginner, steps like requiring equilibrium about a line are usually not needed.

Instead, you can usually just require that the resultant force and moment vanish in each
FBD. Then, the important effort is to construct multiple correct FBDs.
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