Chapter 5

ERROR ESTIMATES
FOR ELLIPTIC PROBLEMS

5.1 Introduction

Having obtained a finite element solution, we would like to be able to estimate the
error in that solution and, perhaps, have the analysis program correct itself. Currently,
that is a practical option for an elliptic partial differential equation (PDE). Here we will
outline the basic method and notation of that class of error estimation. Consider a
problem posed by the PDE written as

Lp+Q =0 inQ (5.1)

with the essential boundary conditigr= ¢, on boundaryl”,, and a prescribed traction,
or flux, t =t, on the boundary; with ' =T, ;. HerelL is a linear differential
operator that can usually be written in the symmetric form

L=DTED (5.2)

where D is a lower order operator and the symmetric constitutive déragontains
material information. The gradient quantities of interest are denoted as

e=Dy (5.3)
and the flux quantities}, by some constitutive relation
q= zEe¢. (5.4)

On the boundany;, of Q we are often interested in a tractiongefined in terms of the
fluxes by
t=Gq (5.5)

whereG is usually defined in terms of the components of the normal vector,

For example, in isotropic conductignis the temperature), in internal volumetric
heat sourcek: = k1, wherek is the thermal conductivity,is the identity matrix, and is
simply the gradient
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so that. becomes the Laplaciah, = O" k | O, and for the common case of constiant
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In this examplee is simply the gradient vector
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and the Fourier Law (note the negative sign) defines the heat flux vector
q=-klOg=-kO¢ q =[a g 0.
Likewise, forG = n the boundary traction is the normal heat flux:
t = n.g = qgen,+q,n,+q,n, = g, = —kdg/an.
For the one-dimensional case of heat conduction these all reduce to scalars with
D=0alox, E=k, e =0¢pldx, n.= 1, q=q, = —kdp/dx, t = +q,,
and the governing differential equatibg + Q = 0 becomes

in Q with ¢ = ¢, onT,. While on the boundari,, the tractiont = q, = -k n, dpl ox,
and has an assigned valuagpf=t, .

Likewise, for a problem in planar elasticiggande become the displacement vector
componentg = [u Vv]" and strain matrix components= [&, gy yl, respectively,
which are related by the differential operator

Q=0

Di o U

0 ox O

O 0 0
D=p0g@0 — 0.
ay

O O
0o 920
oy ox U

The corresponding fluxes or stress tensor components) arer = [0, 0y ]’
which are related to the straires,by the symmetric Hooke’s Law "stress-strain" matrix,
E (without a minus sign). The sourc® generalizes to the body force vector
Q =X =[X, Xy]T . Finally, the surface traction vector= T = [T, T,]is related

to the surface stressas, and the components of the outward unit normal ventohy

T = G o where

On n. O
G=0/ .
DO ny Ny
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In a finite element method we seek a solutiprwhich, in turn, yields the
approximations for the gradient and flux ter&gndq. The standard interpolation gives

p=¢ = N(X) ®* x in Q° (5.6)
with a corresponding gradient estimate
£=£ = D N(x) ®° = B%(x) ®° (5.7)
for x in Q°. Likewise, the flux approximation is
o=d = E°B®(x) ®°. (5.8)
In this notation the element square matrix and source vector are
s = JBeT E°B°dQ, C§ = JQG N® dQ (5.10)

and the boundary traction contribution, if any, is
b _ b nb"
Cq, = [anN> dr. (5.12)
rb

When the element degrees of freedom sul@®ef,) ®, have been computed and gathered
from substitution into Egs. 5.6-8, the local errors in an element domain are

e,(X) = ¢(X) — ¢(X) (5.13)
e.(X) = g(x) - &), x&Q° (5.14)
e (x) = o(x) - 6(x). (5.15)

These quantities can be either positive or negative so we will mainly be interested in their
absolute value or some normalized measure of them. We will employ integnasfor

our error measures. On a linear space we can show that a norm has the properties given
in Sec. 2.2. In finite elements we often useitimer productdefined as

<u, v> = i[u(x) v(x) dQ (5.16)

which possesses a natural norm defined as

llolf = <@ 9> = 1[¢(X) ¢(x) dQ. (5.17)

This is also called thd., norm since it involves the integral of the square of the
argument. We wish to minimize the error in the solutign, However, for elliptical
problems it can be shown that this corresponds to minimizing the error energy norm, or
other related measures. Error estimates commonly employ one of the following norms:

1. The error energy norme||| defined as
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2. Thel, flux or stress error norm

1 1
lles I, = g![ (0 -6) (o-0) ng = Bz[ € & dQS. (5.19)
[ 0 LI 0
3. The root mean square stress ethor, given by
Do = le, I,/ Qz. (5.20)
4. Ingeneral, any of these norms is the sum of the corresponding element norms:
lolf = ZllolE llolE = Jqfdsz (5.21)

and the domain is the union of all of the element dom&nrs[J QF.
e

A relative percentage error can be defined ras 100 x ||e||/||qo|| which
represents a weighted root mean square percentage error in the stresses. We can compute
a similar estimate relative to tHe, norms. In most of the literature on the subject of
error estimators there is a discussion of the effectivity in@®ext is simply the ratio of
the estimated error divided by the exact eri®r= ||e||fea/ [|€]lxact- Usually an

Log
Error

Log
Error

Mesh size, Log h Number of Equations, Log N
Figure 5.1.1 Asymptotic convergence rates for finite elements
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analytical solution is employed to compute the exact error (and to assign the problem
source,Q, and boundary conditiongy ), but sometimes very high precision numerical
results are used. Clearly, one should search for methods where the effectivity index is
very close to unity. Some methods employ a constant, determined by numerical
experiment, to increase their effectivity index to near unity for a specific element type.
From studies in interpolation theory, the finite element approximation is known to
converge in the energy norm wher|||< ChP, for p > 0, whereh is the distance
between nodes on a uniform mesh (the characteristic element legmgttgalled the rate
of convergence. The rate depends on the degree of the polynomial used to approximate
@, the order of the highest derivative @in the weak form, and whether there are local
singularities in the domain. The constadt,is independent op and will be influenced
by the shape of the domain and whether Dirichlet or Neumann boundary conditions are
employed. Typicallyp = k + 1 — m > 0 wherek is the degree of the highest complete
polynomial used in the interpolation andis the order of the highest derivative @fn
the weak form. Remember that simplex elements always use complete polynomials by
Lagrangian and Serendipity elements use incomplete polynomials. Note that the above
equation for the error would be a straight line plot for a log-log plot of error versus mesh
size, as shown in Fig. 5.1.1. In that case the slope of the line is the rate of convergence,
p. Such a convergence relation can also be expressed in terms of the number of
equations associated with the mesh. In a one-dimensional problem the number of
equations,N, is proportional to 1 while in two-dimensions it depends orl I, etc.
Then the (absolute value of) the slope of the line is the convergence rate divided by the
dimension of the space.

5.2 Error Estimates

In general, we do not know the exact straingr stress valuess, in Egs. (5.3) and
(5.4). We do have piecewise continuous estimates for the element traind, stresses,
g, in the element interiors. However, unlike the solutigithese estimates are generally
discontinuous between elements. For homogeneous domains (homogé&)eaus
expect the exaat ando to be continuous. At the interface of two different homogeneous
materials €; andE, ), we expect the gradients, to be discontinuous and the fluxes,
to usually be continuous normal to the interface of the two materials (or continuous
tangent to the interface in some electromagnetic applications). In most elliptical
problems, we expect the normal flux component to be continuous, but the tangential
component along the interface may be discontinuous. For some electromagnetic
problems the reverse is true for interface flux components. In a homogeneous domain a
continuous estimate of and o should be more accurate than would be the piecewise
continuouss’andg . Denote such continuous approximationssbyando, respectively.
That is,d is discontinuous across element boundaries, whilerttere constructed to be
continuous across those boundaries. Then, within an element, the error estimators with
good accuracy are

e=e*(X)-€(X), e, = o*(X)—-a(X). (5.25)

There are various procedures for obtaining nodal values of the steajner
stressesg , that will yield a continuous solution over the domain. Probably the most
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common early approach was simply an averaging based on the number and/or size of
elements contributing to a node. The continuous nodal stresses were obtained by
averaging the values from surrounding elements. However, this simple averaging process
does not have any mathematical foundation relative to the original problem and can not
be used as part of an effective error estimator. A precise mathematical procedure for
computing the nodal values directly was given early in the development of finite element
methods by Oden, et al. [8,15]. However, that "Conjugate Stress" approach required the
assembly of element contributions and solving a system of equations equal in size to the
number of nodes in the system. More recently for elliptical problems it has been shown
that a Super-Convergent Patch (SCP) of elements provides a way to recover accurate
continuous nodal fluxes or nodal gradients that can be used in an error estimator.
Ainsworth and Oden [3] have carried out an extensive review of the most useful error
estimation techniques. They consider both elliptical equations and other classes of
problems such as the Navier-Stokes equations.

In Chapter 2 we showed that a patch based averaging process is one way to estimate
the value ofa”. While we will employ mainly that SCP approach some other methods
have proven practical. We will look briefly at hierarchial and flux balancing methods as
alternate ways of estimating the error. Then we will follow with a chapter outlining the
details of the super-convergence patch averaging and error estimation.

5.3 Hierarchical Error Indicator

Zienkiewicz and Morgan [29] have given a detailed study of how hierarchical
interpolation functions can be employed to compute an error estimate. Here we will
outline this approach in one-dimension. They define the error norm as

lle|g = _z[ erdQ

where the error ie = ¢ — g andr is the residual error on the interior of the domain
Lo+g=r20.

Now we enrich the current approximate solut@to get a more accurate (higher degree)
approximation by adding the next hierarchical bubble funaetior ¢ + H, a, wherea,

is the next unknown hierarchical degree of freedom. If we take this as representing the
correction solution ¢ = ¢ ), then we have® = Hf a, and

etk = abJHSTredQ.

If one can estimate the degree of freedmynthen we have an error indicator. If it is the
only new dof, and if the hierarchical functions are orthogonal, the new system
equilibrium equations are

Os o O0a0O OcO
O o0- 0o=0_ O
00 Sspog&® g g%

whereS and C were the previous system matrices, aggandc, are the new element
(and system) stiffness and source terms, respectively. From this diagonal system, we
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compute the new term, = ¢,/ sy, that is,
Cp = J Hp g°dQ
or from the internal residual definition and th@wadorthogonality,

C, = JHg(r—LqB)dQ JHg redQ.

Therefore, this error indicator simplifies te“|| = a, ¢, = cﬁ/sbb.

In the following we will use this approach on a one-dimensional sample problem.
We will see that the effectivity index is only about one-half, which is unacceptably far
from the desired value of unity. While we could introduce a "fudge factor" constant of
two, it is wiser to search for a method, like the SCP recovery, that would yield an
effectivity index that is always much closer to unity. Consider the Zienkiewicz and
Morgan (Z-M) hierarchical error estimator for their Example 8.1 of [29] expanded to
consider the local element errors and flux balances. The model problem is

d?p

—W+Q:O, x 010, L[, @0) = 0,¢L) =0
with the exact solutiorp=Q(x — L) x/2, so ¢ =Q(2x - L)/2. Using the Galerkin
approximation:

DL
I(onX_Igaq),xde: ¢QdX—§0§0,XD+[¢J’2XdX:O
[Jo
or finally
L
{(ﬁ?xdxz— (DQdX"‘(D(D,xD
[Jo

Splitting the domain into elements and using our interpolaggns H® u® this reduces
to the matrix form:

SUT KU = - TuT R+ U(L) g (L) - u(0)g,(0)
e e
with the typical element matrices defined (Wi 1) as

Ke® = [[H?;H?de, FS :JHGT Q° dx.

For an initial linear interpolation with constant coefficients

Ke = 1%1 —1% Fe_QeLeglg
= =0 o = .
Le [ 1 1D 2 0 1 0
First, consider a trivial single element solution. By inspectiéns L so that
1 01 -1 00y, O QL1 O -¢,0) 0O
0, ;00 0% - Zmlm+m+‘x(|_)m
0 oo Y2 g o+to o Text g
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butu; = u, =0 from the boundary conditions. There are no unknown degrees of freedom
to compute so we go directly to the flux recovery and error estimates. Solving for the
flux givesg ,(0) = — QL®/2 andg (L) = QL®/ 2 as the two necessary nodal flux values.
Checking we see that a useless solution has still give nodal fluxes that are exact as
L® = L. The recovered nodal flux resultants are exact despite the fact that the single
element solution is trivial, i.eg, = H® u® = H® O® = 0 (which is exact at nodes). The
single element solution is usless in estimating the solution error. In the energy norm the
error measure is

llelf = —_[L(co—coh)(—coh,xHQh)dX = —ILerdx

wherer is the interior residual. To compute an error indicator, we add a quadratic
hierarchical term to the linear element @p= ¢, + u$ HS where H5(x) = x(L - x) in
global space, oH$(r) =r(1-r) in a local unit coordinate space. Th&-M error
indicator is

1e°1f = [, Hor dx1?/Kg, Kg = [, Ho[~Ha] dx
is the new hierarchical stiffness term, aetl= ¢, — ¢,. Here
-1
KE, = J’Ler(l—r)[F(—Z)]dx = 1/3L°

and
e _— epe - _ e — e| e
| —J'LeHngx—ILer(l r) Q%dx = Q°L®/6

so %R = [Q°Le/6]%/ (1/3L®) = Q¥ L®/12 which happens to be exact for one
element. We now repeat the solution and error indicators for two elements of equal size
with L® = L/2. The equilibrium equations are

, 01 -1 003w o .010 0 -0:0
O 0 _ _ QL

FD_l 2 —1DDUZD— - > 020+ 0O 0 0.

0o -1 1 Huy O 010 DO+p, ()0

O DD 3D 0- 0 0 40,x()D

Settingu, = 0 = uy the remaining second equation yielgs= — QLe2/2, butL®=1L/2

so thatu, = — QL2/8 which is exact. Recovering the fluxes from equilibrium, we first
check the global reactiong:, (0) = - QL®=-QL/2, andg, (L) = +QL/2, which are
both exact. Next, we find the fluxes on each element necessary for local equilibrium:

101 -1 00y, O _QL9D1D U-9,(xy) U

e=1, — oo - 0= O, 0+0 0
Le g1 oot g 2 glpg pgtex(x g

1 0-QL20 QL2010 010 O-p (x)0O
‘FD+QLe2/2D+TD1D=QL6DOD=D+ ’XEX%D
0 0 O+ 0 oY 0o 0 Tex\Xl g

which are exact since® = L/2. Likewise, fore = 2,
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U -9 (%) 0 .Hou
O, o=QL O, O
0 tex(Xs) g 0l g

The equilibrium of these global and local fluxes are sketched in Fig. 5.6.1. Note that the
flux is zero at the symmetry pointx € x,) as expected. Sinc® is a constant, the
previously developed element error indicata® |f = Q¥L® /12, is still valid for each

Ne
element and the system error estimateé4f|l > =2 ||e°|E = Q¥L® /6 and since

e=1
L®=L/2 we get |[g|f = Q°L3/ 48 compared to the exact value@tL%/24. Thus, the
total error is underestimated by a factor of two, but the indicator correctly shows each to
have the same amount of error.

If we select two unequal elements, we still get exact values for the nodal values and
fluxes. That is, if we leL.®=L/4 and L® =3L/4, respectively, we see the results in
Fig. 5.6.1. There we note drastic differences in the local errors in each of the two
elements. Checking our error indicators we get

e=1, |le¢|f = QLY /12 = Q?L3/768
e=2, ||e¥|F = Q*/12 (3[4 = 27Q?L%/768.

Clearly, this indicates that the error in the second element is 27 times as large as for that
in the first element. Thus, the second element would be selected for refinement. Of
course, the total error estimate for the two unequal elements is

e 7
> =2 ||e®|P = 28Q°L%/768, and |e|Bwc = 9—6Q2L3 = 56 Q°L% / 768.
e=1

Refining the second mesh by placing a new node at3L/4 gives the results in
Fig. 5.6.1. Clearly, the first and third elements have the same indicators

© ®

| -30L2/32 .
“
|
QL/4
QL/4
o~ QL/4 DY VAV s P W R N s RV
2QL/4® 2QL/4@ @ 2QL/4

QL /4 @$3QL/4 @ngLM
<N\

, 1vw> 2QL /4 QL/4 <~ > QL/4

Figure 5.6.1 Sample two and three element solutions, with flux values
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lle*|P = Q3L%/768 while the middle element has a value ef|ff = Q*L3/96. The
total error estimate is

Ne
llelf = S =2 ||e®|f = Q?L3/768[1+ 8 + 1] = 10Q%L3/768.
e=1

Therefore, we notice that 10% of the error is in each of the two small elements and the
remaining 80% is in the middle element. The exact error and effectivity measures are:

10 Q?L? llelf
384 1€ Exect

Finally, we observe the effects of four equally spaced elements on the error indicators.
The system error indicator is the same for all elements and

lle B = =0.5.

lelf = 5 =4lelP = Q¥LE /3 = @*L°/ 192,
e=1

and the exact value is@® L3/192, and once again we get an effectivity of only 50%.
Since we want an error estimator with an effectivity index near unity, this method is not
as desirable as the SCP recovery despite correctly giving the relative element error.

5.4 Flux Balancing Error Estimates

Ainsworth and Oden [1-3] have developed a local patch error estimator that is
very well justified through detailed functional analysis, is robust, and economical to
implement, and gives very accurate local error estimates for any order interpolation
functions. That is, it usually produces an effectivity index that is very close to unity and
is much more reliable than other methods known to the author. By using a dual
variational formulation, they have proved that this estimator providesppar bound
estimateof the true error. The Ainsworth-Oden flux balancing method uses a local patch
of elements for each master node. A typical patch includes all elements connected, or
constrained, to the master node. The goal is to choose a linear averaging fapction
between each pair of adjacent elemeKtsndL, such that the residual internal error,
and inter-element gradient jumgg, are in equilibrium; that is,

z[rdQ+11’Rdr:O. (5.22)

They provide a detailed procedure for implementing this method, including pseudo-code
for the flux-splitting algorithm. The equilibrium fluxes are used to compute the local
error estimator. A summary of the method is as follows:
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for each master node in patéhdo
begin
calculate a modified topology matrik,
factorize the matrix, U =T
for every elemeng in the patch do
begin
calculate mean flux sourdg’,
calculate inter-element weigh’[j?
assemble patch sourde,
end
solve for patch constanss; LU A =b
for every inter-element eddg, between elements andL in patch do
begin
o = 5+ (A - 4
end
end

with the topology matrix defined as

U (1 + number of elements in patch), if=k
0 p

Ty =0 0, if Q' and Q are neighbors in patch
B 1, otherwise .

Letting W be a piecewise linear function that is unity at the master node and zero on the
patch boundary, the mean source is defined in terms of the model equation

-0+ (kOu)+b-Ou+cu=f (5.23)
as
b® = L®(W)-B%(04,¥)+ J’ W<n®- kOG>, dl
rar 2

Le (W) =wadQ+Jkg—‘r’]wdr

B (0,W) = J(kDO-DLIJ+LIJb-D0+c0LIJ)dQ

. U . i U
<n®- >=np-1%n0ad +kinogd
n®-kOa n ZDk Du[he kDu[b,- -
and the inter-element weight is
e — _ Oe.peqnO +ni - Kkiogt O
{| lWDn kIZIuEhe n kIZIu[bj Ddr.
]

The actual flux-splitting function on the boundary between n&dasdL is
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ax (s) = %UKL W(s)

where the sum has taken over all patches containingkddgend a non-zer® ). Once
the fluxes are in equilibrium, the errer= u — (, is bounded atwve bythe norm

1 ne
lelf < 2 3 I4If

wherepg > 0 is a constant depending on the norm selected X for the standard energy
norm), andp is obtained by solving the element local Neumann problem

a’(p,w) = L®(w)-B% 0, w) + (5.24)

+ J:wne - B(l—aKL(s)) kedq Ebe+aKL(s) kiOa Ebf Bdl’.
The examples by Ainsworth and Oden show this procedure to be accurate and
economical. The effectivity indeX, is usually very near unity as desired, and is usually
above0.9 for even crude initial mesh calculations. While this is also a recommended
method, we choose to implement SCP recovery due to its simplicity.

5.5 Element Adaptivity

Upon completing the loop over all elements we have the element norms, the element
volume, the system norms,

|EW::§HéW, (5.25)

and the system volume. The allowed error energy is obtained from the product of the
strain energy norm and the user input value of the allowed percentageje(kayword

input valuescp allow_error_%). That number is used, in turn, to evaluate two allowed
error densities in dividing by the square root of the number of elements and the square
root of the volume to yield mean element and volumetric references, respectively. One of
these reference values will be used to rank the relative error measures in each element.
The system norm values are printed along with the two allowable reference values for the
energy error and the system volume. For each element we will list the element error
norm, its percentage of the strain energy norm, and a refinement parameter for that
element. The element error energy norms are summed to get the total energy in the error
to compare to the total strain energy norm and the allowed percentage of error. Here, the
refinement parameter is based on the volumetric error density, so for el¢ntbat
refinement parameter is

& = (e I/ (nllell/vQ)

or 0 1

T el O

Here it is informative to note that for a uniform mesh all theeslement volumes are
constant with a value of
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Q;=Q/n,

and the refinement indicator becomes the same as originally employed by Zienkiewicz
and Zhu, namely:

{j _ ”ej ” (527)

nllellyme -
By combining such an indicator with interpolation error analysis, one can predict the

desired element size or polynomial degree. For each elemem,define the ratid to
indicate needed refinement whgr> 1 and de-refinement whe&h< 1.

5.6 H-Adaptivity

The refinement indicator of Eq. 5.27 is the ratio of the current estimated error in an
element to that desired in the element. From interpolation theory the asymptotic
convergence rates for an element in a uniform meshlisq|ChP®, for p > 0, whereh is
the the characteristic element length (distance between nqués)the degree of the
polynomial, andC is a constant that depends on the shape of the domain and the
boundary conditions (Dirichlet versus Neumann). In h-adaptivity we hold the polynomial
degree,p, constant and seek a new element size,hggy Thus, we can also view the
refinement indicator as related to the current and new sizes, namely for the j-th element:

_ Chy
47 o
Cancelling the problem consta@, and factoring the out the polynomial order,the
new element size should be

(5.28)

Mpew=h; 1 €77, (5.29)

It should be noted that some analysts like to normalize the asympotic rate by dividing the
element size by its initial size. That is, after a few iterations they emplblyoﬁp where
hy was the element size in the original mesh.

The relation in Eqg. 5.29 is used to output a sequential list of desired element sizes to
be utilized as input by an automatic mesh generator. It could be arbitrarily associated
with the element centroid. Here it is output at each current node using the average value
of all the elements connected to the node. Huang and Usmani provide such an automatic
mesh generator for two-dimensional applications [11]. A modified version of their source
code was used for several of the examples given herein.

5.7 P-Adaptivity

In p-adaptivity it is less clear how to proceed and several hueristic approaches have
been used. It is clear that the new polynomial degree must be an integer. The change in
degree should be small (1 or 2) because higher order elements are expensive. Also
numerical studies show that the nature of the error is different in even and odd order
polynomials. The interior error (measured well by the SCP) is more important in even
polynomials, while the interface flux jump error is more important in odd order elements.

4.3 Draft- 5/27/04 © 2004 J.E. Akin. All rights reserved.



Finite Elements, Error Estimates 139

Thus, one could simply assume the element size will be constant and note which
integer increase irp would give a refinement indicator slightly smaller that the one
obtained from the error estimator. In global p-refinements typically use the largest
integer found in this way (but limiting the new polynomial€d). However, that can be
very expensive.

There is another empirical equation for estimating the new polynomial degree. If
one assumes Lagrange interpolation and vieves the distance between nodes then a
real number estimate of the new degree is

_ 1/
Peg = P X & P (5.30)

which would have to rounded to an integer valpie, . Typical results from this estimate
are illustrated below:

&  Poa &P pgy Operation p.,
4.00 2 2.00 4.0 Enrich 4
1.00 2 1.00 2.0 No Change 2
0.50 2 0.71 1.4 No Change 2
0.05 2 0.22 0.45 Degrade 1
4.00 3 1.59 4.76 Enrich 5
2.00 3 1.26 3.78 Enrich 4
0.50 3 0.79 2.38 Degrade 2

Clearly, arbitrary rules govern how to round the estimgiad the fourth column. The
third line value of 1.4 might just have easily been thought of as a degrade to a linear
polynomial (Ppew = 1).

5.8 HP-Adaptivity

It has been proved (see Ainsworth and Oden [3] for example) that an hp-adaptive
system gives the optimal convergence (maximum accuracy for a given number of
equations). However, its programming is difficult and requires careful planning of the
data base structure. In an hp-adaptive solution one needs to pick which item to change
first. Sincep changes are relative expensive and must be limited to integers it may be
best to selecp,, first and to restrict the change in degree,rs&y0 or+—-1. Then due
to the integer choice op some of the estimated refinement (or de-refinement) still needs
to occur by also selecting a new mesh size. We can envision the refinement indicator as
having two contributions§ = &, x &,. If the new integer degreep (+ n), was based on
the current element size then the now known numerical \@jue hP/h®*" can be
used to get the needed remaining spatial refinement indicgtoNote that the product
relation is

hP hP h(P+n)
‘= h(P+ M - h(p+n) 8 h(P+ M = {p > <n (5.31)
new new

which with & andé, known simplifies to
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&= (E1&p) = (hhH)er"
or finally

h_ =h/glesn (5.32)

Even with these rough estimates of desired changes one may need other rules to assure
that the mesh size and local degree do not change rapidly from one solution iteration to
the next, or oscillate between large and small values.

5.9 Exercises

1. A four element model of our previous example differential equation,
uxx +u+ x=0,u(0) =0 =u(l) yields the exact and finite element solution as
shown in Prob. 5.1a and the true flux is shown in Prob. 5.1b. The finite element flux
estimates in the elements consists of the four constant steps listed above. Obtain a nodal
continuous flux estimate by using element based patches (four in total). Show the
estimated (eyeball) linear fit on each patch. For each patch use a unique symbol to show
the interpolated nodal flux values. At each original mesh node average the nodal flux
values from all patches. Plot a piecewise linear curve through those average flux values
and compare it to the exact flux curve in Prob. 5.1b. Utilize those numerical results, for
the two-noded linear element (L2).

2. Resolve the example in Chapter 2 fod?¢/dx? + Q = 0 with ¢(L) = ¢, and

k de/ dx(0) = g, using a four element model. Plot the results compared to the exact
solution. Obtain the gradient estimate in each element at its centroid, and plot it against
the true gradient. Obtain a nodal continuous flux estimate by using element based

*»** OUTPUT OF RESULTS AND EXACT VALUES IN NODAL ORDER *** I 1
NODE, X-Coord, DOF_1, EXACT], 12
1 0.0000E+00 0.0000E+00 0.0000E+00 I3
2 2.5000E-01 4.3758E-02 4.4014E-02 I 4
3 5.0000E-01 6.9345E-02 6.9747E-02 'S5
4 7.5000E-01 5.9715E-02 6.0056E-02 16
5 1.0000E+00 0.0000E+00 -2.2829E-10 L7

1 8
*** FE AND EXACT FLUX COMPONENTS AT INTEGRATION POINTS *** 19
ELEMENT, PT, X-Coord, FX_1, EX_1, 110
1 1 5.283E-02 1.750E-01 1.867E-01 111
1 2 1.972E-01 1.750E-01 1.654E-01 112
ELEMENT, PT, X-Coord, FX_1, EX_1, 113
2 1 3.028E-01 1.023E-01 1.343E-01 114
2 2 4.472E-01 1.023E-01 7.155E-02 115
ELEMENT, PT, X-Coord, FX_1, EX_1, 116
3 1 5528E-01-3.852E-02 1.137E-02 117
3 2 6.972E-01 -3.852E-02 -8.890E-02 118
ELEMENT, PT, X-Coord, FX_1, EX_1, 119
4 1 8.028E-01-2.389E-01 -1.745E-01 120
4 2 9.472E-01-2.389E-01 -3.060E-01 121

P5.1 Four linear element results
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Exact (dash) & FEA Solution Component_1: 4 Elements, 5 Nodes
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patches (four in total). Show the estimated (eyeball) linear fit on each patch. For each
patch use a unique symbol to show the interpolated nodal flux values. At each original
mesh node average the nodal flux values from all patches. Plot a piecewise linear curve
through those average flux values and compare it to the exact gradient. Usela)

k=1, =2, 9. =1, and Q=Qy=1 so that the exact solution is given by
kop(X) = kg, +qo(x = L) +Qu(L2=x?)/2, b)L=1,k=1,qy=1/12,¢_ = 0, and

Q = x? so the exact solution igx) = (x — x*)/ 12.
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