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Abstract

Classic techniques for simulating molecular motion, such as the
Monte Carlo and molecular dynamics methods, generate individ-
ual motion pathways one at a time and spend most of their time
trying to escape from the local minima of the energy landscape
of a molecule. Their high computational cost prevents them from
being used to analyze many pathways. We introduce Stochastic
Roadmap Simulation (SRS), a new approach for exploring the ki-
netics of molecular motion by simultaneously examining multi-
ple pathways encoded compactly in a graph, caled a roadmap.

A roadmap is computed by sampling a molecule’s conformation

space at random. The computation does not suffer from thelocat-

minima problem encountered with existing methods. Each path in
the roadmap represents a potential motion pathway and is associ-

ated with a probability indicating the likelihood that the molecule
follows this pathway. By viewing the roadmap as a Markov chain,
we can efficiently compute kinetic properties of molecular motion

over the entire molecular energy landscape. We also prove that, in

the limit, SRS converges to the same distribution as Monte Carlo
dmulation. To test the effectiveness of our approach, we apply it to
the computation of the transmission coefficients for protein folding,
an important order parameter that measures the “kinetic distance”

of a protein’s conformation to its native state Our computational

studies show that SRS obtains more accurate results and achieves

severa orders-of-magnitude reduction in computation time, com-

pared with Monte Carlo simulation.

1. Introduction

Many interesting properties of molecular motion arc best charac-
terized otatistically by considering an ensemble of pathways rather
than an individual one. For example, the “new view” of protein
folding kinetics replaces a single folding pathway with an energy
landscape and a folding funnel [BOSW95, DC97, DK99, PGTR98].
Proteins are thought to fold in a multi-dimensional funnel by fol-
lowing a myriad of pathways, dl leading to the native structure. To
carry out computational studies of molecular motion in this frame-
work, we need efficient algorithms that can quickly cxplore alarge
number of pathways. Unfortunately classic simulation techniques,
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Figure 1: A probabilistic conformational roadmap Superimposed on the
contour plot of a hypothetical energy landscape.

such as the Monte Carlo [KW86] and molecular dynamics [Hai92]
methods, generate individual pathways one a a time and waste a lot
of time trying to escape from the local minima of an energy land-
scape. They are computationally inefficient if applied in a brute-
force fashion to deal with many pathways. In this paper, we in-
troduce Stochastic Roadmap Simulation (SRS), arandomized tech-
nique for sampling molecular motion and exploring the kinetics of
such motion by examining multiple pathways simultaneoudly.

In SRS, we compactly encode many pathways in a directed graph
caled a probabilistic conformational roadmap (Figure 1), or just
roadmap for short. Each node of the roadmap is a randomly sam-
pled conformation of a molecule. Each (directed) edge between
two nodes v; and v; carries a weight P;;, which is the probabil-

ity for the molecule to transition from v; to v;. Every path in

the roadmap corresponds to a potential motion pathway for the
molecule. A roadmap contains many pathways, with associated
probabilities indicating the likelihood that the molecule may fol-
low these pathways. In SRS, we construct aroadmap and analyze
al the paths in it simultaneously to obtain kinetic information on
the motion of molecules over the entire energy landscape.

To analyze a roadmap, wc view molecular motion in the roadmap

as a random walk on a graph. We avoid explicitly smulating the
motion and obtain much of the same information by applying al-
gebraic methods from the Markov chain theory [TK94]. Intuitively
this is equivalent to performing many simulation runs simultane-
oudly for along time. As an example, let us consider the problem
of computing the transmission coefficients for a protein in a sys-
tem dominated by two stable states, a folded one and an unfolded

one. The transmission coefficient 7 for a conformation ¢ is defined



as the probability of reaching the folded state before the unfolded
state, starting from q [DPG*98}. This coefficient provides a mea-
sure of the “kinetic distance” between ¢ and the folded state. It is
possible to compute 7 in a straightforward way: for every ¢ of in-
terest, dtart many of Monte Calo smulation runs from ¢ and count
the number of times that they enter the folded state before the un-
folded one [DPG+98]. However, the simulation is computationally
expensive, as alarge number of simulation runs arc required to ob-
tam areasonably accurate estimate of . With SRS, we can achieve
the same result much more efficiently. This is not a surprise, be-
cause every path in aroadmap can be interpreted as a Monte Carlo
dmulation run. However, Monte Carlo simulation follows only one
pathway at atime. It also easily gets stuck in the local minima of
the energy landscape, repeatedly sampling many similar conforma-
tions without obtaining much new information. Our new approach
avoids the problem by sampling directly from the space of dl path-
ways and treating them together using algebraic methods.

SRS is amore coarse-grained simulation technique than the Monte
Carlo method. The Monte Carlo method tends to focus on one
pathway at a time and has a higher density of samples along that
particular pathway. In contrast, SRS spreads the samples over the
whole conformation space. Thusit is able to examine many motion
pathways at once and extract interesting kinetic properties that are
not easly accessble by other methods such as Monte Carlo simula

tion. In addition, we show that, in the limit, SRS and Monte Carlo
simulation converge to the same sampling distribution (Section 4).

SRS is inspired by probahilisic roadmap methods for motion plan-
ning [KSLOY6). The main idea of probabilistic roadmap meth-
ods is to construct a graph that captures the connectivity of a high-
dimensional space via random sampling. Singh, ef al. first intro-
duced probabilistic roadmap methods to the study of molecular mo-
tion in their work on ligand-protein binding [SLB99]. These meth-
ods have since been applied to protein folding as well [ASBLOI,
SAOQI]. The earlier work treats a roadmap as a deterministic graph
with heuristic edge weights based on the energy difference between
molecule conformations. In contrast, we use the probabilistic con-
formational roadmap as a way to capture the stochastic nature of
molecular motion. It enables us to exploit the knowledge from
Markov chain theory to process new queries that are biologically
relevant and to establish a formal relationship between SRS and
Monte Carlo simulation.

The main contributions of this work are the following. SRS pro-
vides a new representation of the stochastic motion of molecules.
We describe how to construct a roadmap (Section 2) and query a
roadmap efficiently by exploiting tools from the Markov chain the-
ory (Section 3). We show formally that SRS converges to the same
distribution as the Monte Carlo method (Section 4). Our approach
provides an efficient algorithm for computing the transmission co-
efficients for protein folding (Sections 5 and 6). It aso has potentia

applications in other questions regarding the kinetics of molecular
motion  (Section 7).

2. Stochastic roadmap simulation

In Stochastic Roadmap Simulation, we first construct a roadmap,
as a discrete representation of molecular motion. A roadmap rep-
resents a large number of possible Monte Carlo simulation paths
simultaneously and enables us to perform key computation effi-
ciently.

2.1 Conformation space
The conformation of a molecule can he specified in various ways.
In a lattice model, we specify the lattice positions of constituent
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atoms. In protein folding, we commonly use the backbone tor-
siona angles (¢ and ¢)) of a protein. SRS is applicable to all
these different representations, provided that the conformation of
a molecule can be specified as a finite number of parameters that
uniquely determine the 3-D position of every aom in the molecule.
Formally, a conformation of d parametersis specified by a vector
(01,82,...,64).

The set of al possible conformations form the conformation space
C. A paint in C corresponds to a particular assignment to the pa-
rameters that specify the conformation of the molecule.

The conformational parameters determine the interaction between
atoms of the molecule and between the molecule and the medium,
eg., the van der Waals and electrostatic forces. These interactions
give rise to the attractive and repulsive forces that dictate the mo-
tion of a molecule. SRS assumes that the interactions are described
by an energy function E(q), which depends only on the conforma-
tion ¢ of the molecule; it does not require E to have any particular
properties or functiond  forms.

2.2 Roadmap construction

We encode many pathways in C with a directed graph G, called
a roadmap. Each node of the roadmap G is a randomly sampled
conformation in C. Each (directed) edge between two nodes «; and
v; carries a weight P;;, which is the probability for the molecule
to transition from v; to v;. The probability P;; is O if there is no
edge between v; and ;. Otherwise, the value of P;; depends on
the energy difference between v; and v;. We thus adopt a stochas-

tic view of molecular motion: P,; represents the probability that

the molecule will next move to conformation v;, given that it is
currently in v;. '

To construct the roadmap, our algorithm samples n conformations
independently at random from C. For simplicity, we use the uni-
form sampling distribution by picking avalue uniformly at random
for each conformational parameter 6;, i = 1,2, from its allow-
able range. For every node v;, we find the k nearest neighbors of v;,
according to a suitable metric such as the RMS or Euclidean dis-
tance in C. Let IV; denote the set of k nearest neighbors of v;. The
algorithm then computes the transition probability F;; between ev-
ery pair of neighboring nodes v; and v;, where v; isin N;. P;; is
computed based on AE;; = E(v;)— E(v;), the energy difference
between the conformations v; and v;. In formula, we have

py = { Qi ert=as o)

1/ |N1| )
where kg is the Boltzmann constant, T is the temperature, and | V;|
is the number of neighbors of node v;, excluding itself. If anode v;
isnot in JN;, then y; and y; are too far apart for their energy differ-
ence to be a good bhasis for estimating the transition probability, and
we set P;; = 0. Finally we define the self-transition probabilities:

Pi=1- Z Py,
J#e
which ensures that the transition probabilities from any node sum
uptol.

if AE; > 0;
otherwise;

The transition probabilities thus defined are consistent with the
Metropolis criterion used in Monte Carlo simulation. ‘ They allow
us to establish a connection between SRS and Monte Carlo simu-

lation formally (see Section 4). In comparison, previous work uses
roadmaps with heuristic edge weights based on the energy differ-
ences [SLB99, ASBLOI, SAQL]. They do not have the same in-
terpretation of the roadmap as representing the stochastic motion



of molecules, and thus cannot be formally validated in the same
stochastic  framework that we use here. Furthermore, with our inter-
pretation, wc can exploit the knowledge from Markov chain theory
to efficiently process interesting queries (see Section 3).

2.3 Using SRS to study molecular motion

Typicaly, Monte Carlo simulation generates random paths through
C in search of the globa minimum of the energy function E. Such
paths are interesting for understanding the energy landscape and
exploring the kinetics of molecular motion, as well as determining
the native folds of proteins and the binding sites in ligand-protein
docking (see, eg., [Fer99, KS96}).

A path generated by Monte Carlo simulation corresponds to a se-
quence of random moves in the conformation space C. Such a path-
way in C can aso be obtained by following a sequence of edges in
our roadmap G: at node v;, wc decide which node to move to next
according to the transition probabilities 7,

With our choice of transition probabilities, there is a strong rela-
tionship between paths generated by SRS. i.e, paths in the roadmap,
and paths generated by Monte Carlo simulation. The main differ-
ence between SRS and Monte Carlo simulation is the space that
they operate on. SRS operates on the set of sampled conformations,
while Monte Carlo method operates on the underlying continuous
conformation space C. So SRS can be regarded as a discretely sam-
pled verson of Monte Carlo simulation.

In [SKS01], it is agued that Monte Carlo simulation can be applied
to the understanding of protein folding kinetics. The relationship
between SRS paths and Monte Carlo simulation paths suggests that
their analysis is applicable to our approach as well.

However, Monte Carlo simulation focuses on only one pathway
a atime and easily gets stuck in the local minima of the energy

function, repeatedly sampling many similar conformations without
obtaining much new information. SRS constructs a roadmap con-
taining many Monte Carlo simulation paths by sampling directly
from the space of all pathways. It processes these paths together
using algebraic methods, thus greatly reducing computation time,
as we will see in the next sections. The computation does not suffer

from the local-minima problem encountered in Monte Carlo simu-
lation.

3. Firgt-step analysis and roadmap query

A roadmap G contains a multitude of information about molecular
motion. Given two nodes v; and v; in G, wc can easily compute
the most likely pathway from v, to v; by searching for aminimum-
weight path from v; to v; in agraph similar to G but with — In P
as edge weights. This leads to results similar to those in the earlier
work [SLB99, ASBLOI, SA0I], which use a directed graph with
heuristic edge weights based on energy differences, because the
heuristic edge weights can bc interpreted as probabilities. How-
ever, an insight resulting from our choice of transition probabilities
is that aroadmap implicitly defines a Markov chain that captures
the stochastic nature of molecular motion. This alows us to take
advantage of powerful tools from the Markov chain theory. We
now focus on one such tool, the first-step analysis, which will be
used later to study the kinetics of protein folding.

Consider a roadmap G representing the motion of a protein dur-
ing the folding process. Let F be a set of nodes in G that lie in
the folded state. In other words, they are structurally similar to
the native fold. The set F is an example of a macrostate, which
is defined as a set of roadmap nodes that share a common prop-
erty. A macrostate is an abstraction that combines a set of nodes
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Figure 2. The first-step anaysis

into a single entity. Now suppose that we are interested in linding,
for every node v; in G, the expected number of transitions that it
takes to go from v; to the folded state, i.e., any node in F. Denote
this number by ¢;. The naive approach to compute ¢ would be to
perform many Monte Carlo simulation runs, starting from v; and
average the number of steps taken by each run to get an estimate
oft,. This approach has a high variance in the estimate, due to the
stochastic nature of the simulation procedure and thus requires a
large number of simulation runs for each node v; in order to get
reasonable results. In contrast, the first-step analysis solves for all
t; Smultaneously, without the need for explicit simulation.

The first-step analysis proceeds by conditioning on what happens
after the first step. Suppose that we start at some node v; ¢ F and
perform one step of transition. Firstt; isincreased by one. Then,
in the next step, we reach either the folded state or another node
v; € 7. In the former case, we simply stop. In the latter case,
the expected number of steps from then on is given by t;, by the
definition. More formally, we have the following system of self-

consistent  equations:
t; = 1+ Z Py 0+ Z Py t;, foreveryu ¢ F. (1)
v; €F v ¢F

In the second term of(l), F;; is multiplied by zero, because we stop
as soon as we reach the folded state. See Figure 2 for an illustration.

The linear system in (1) contains one equation and one unknown
for each node v; not in F. A unique solution to (1) is guaranteed to

exist, because the roadmap G contains only one strongly-connected
component by construction, and so the Markov chain represented
by G isergodic [TK94]. By solving the linear system agebraically,
we obtain ¢; for all the nodes simultaneously, without any explicit

simulation.

Since there are usually many nodes in the roadmap, the linear sys-
tem is large and is solved with an iterative method. A simple one
is the Jacobi iteration [PTVP92]. Let t*) be the value oft, at kth
iteration. We set tEO) =0 for dl ¢ and repeatedly apply

t§k+1) =14 Z Py -0+ Z P .t;k)’
v;EF v gF

until the iteration converges, i.e., [[t*+1 ()], < ¢ for some
small pre-selected constant €. The convergence rate of the Jacobi
method is slow, but a better method such as Gauss-Seidel or suc-
cessive overrelaxation (SOR) can be used instead to improve the
performance [PTVP92]. In addition, every node in G is, by con-
struction, connected to at most k heighboring nodes, for some pre-
selected value of k. Usually k is much smaller than the total num-

ber of nodes n. We can exploit this feature and run a sparse matrix
ordering agorithm (see, e.g., [GL8Y, GMS92}) to produce a lin-
ear system that has a banded, sparse structure, which can greatly
improve the running time of iterative solvers.



The first-step analysis is actually more general than the simple ex-
ample suggests here. For indtance, we may have multiple macrostates
and want to know the probability of reaching one macrostate before
the others. We will discuss how to use the first-step analysis to deal
with this in Section 5.

4. Formal link between SRS and Monte
Carlo smulation

So far, we have presented the roadmap and the first-step analysis
as an efficient way to represent molecular motion pathways and
extract interesting information from them. Before applying these
techniques to relevant biological questions, we would like to for-
malize the relationship between SRS and Monte Carlo smulation,
a classic technique for studying molecular motion. We prove that
SRS and Monte Carlo simulation converge to the same distribution.
The proof has several implications. First, it validates our intuition
that the quality of results from SRS improves as the roadmap size
increases. Second, it provides the basis for analyzing the approxi-
mation error for any given roadmap Size. Findly. it gives us the for-
mal justification for using our probabilistic edge weights F;, rather
than the heuristic edge weights in the earlier work using roadmaps.

4.1 Stationary distribution

To establish the proof, we now briefly describe the concept of the
stationary distribution of a Markov chain.

Every roadmap G defines a Markov chain, which has an associ-

ated limiting distribution 7 obtained as follows: Perform a random
walk on G, starting at a node in G. At each step of the random

walk, make a move to the next node according to the transition
probabilities P;;. If we let the random walk continue infinitely,

then under the condition that the roadmap is ergodic, the starting
node becomes irrelevant: in the limit, each node v; is visited with a
fixed probability 7; according to r, regardless of the starting node.

S0 1 describes the limiting behavior of 4l possible simulated ran-
dom walks on the roadmap. Since the roadmap G represents the
motion of molecules, for each node v; in G, 7; gives the fraction

of the time that the molecule spends at v; in the limit.

The limiting distribution 7 can be shown to satisfy the following
self-consistent equations [TK94]:

= Zﬂjpji, fordl ¢

With the additional constraints m; > 0 for al iand >, mi = 1,
the solution to (2) is guaranteed to be a well-defined probability
distribution. Equation (2) says that, in the limit, the distribution 7
no longer changes from one step of the random walk to the next.
For this reason, 7 is cdled the stationary distribution. Now we
ac ready to relate the dtationary distribution of SRS to the limiting
distribution of Monte Carlo simulation.

€3]

4.2 Limit behavior of SRS.
Consider a molecule moving through the conformation space C
governed by the energy function E. In the limit, the probability
distribution of conformations visited by the molecule is given by
the Boltzmann distribution 3[Lea96]. Specifically the density  at
aparticular point v of C is
1

Bv) = Zs exp(—E(v)/ksT), ©)
where Zz = [, exp(—E(v)/ksT)dy isanormalization constant,
aso known as a partition function.
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It is well-known that the limiting distribution of Monte Carlo sim-
ulation is 3, the Boltzmann distribution [Lca96]. This means that
if we allow the Monte Carlo simulation to continue infinitely. the
sampled conformations will distribute according to 3. We would
like to answer the same question for SRS. What is the limit behav-
ior of SRS?

Note that the conformation space C is continuous. Thus (3) repre-
sents a probability density function over C. To compute the prob-
ability for a set of conformations, we need to integrate the density
function § over the set. More formally, let S C C be any subset

of the conformation space. In the limit, the probability that a con-
formation in Sis sampled by a Monte Carlo simulation processis

B(S) = / B(w)do.

Now consider a roadmap with stationary distribution 7 given by

(2). Thefirst question is how to estimate the probability of the set
S using the roadmap. The roadmap contains a set of discretely

sampled nodes from C. So the estimate can be obtained by the
summing the stationary distribution = over al the nodes v, that lie

in the set S. Some nodes in the roadmap may have more neighbors
than others, and so we normalize the sum by |V;|, the number of
neighbors of node v;. In formula, we have

=72

v;ES

7 (vs)
Vil °

where 7 = 3" 7

If SRS represents the dochastic motion of molecules with the same
limit behavior as Monte Carlo simulation, then the limit distribu-
tions of these two methods should converge. In other words, asthe
roadmap Size increases, n(S) should approach (S for any subset
Sin C. Thisis stated formally in Theorem 1.

v;)/ |Ns| is anormalizing constant.

THEOREM 1. Let Sbe any subset of the conformation space C
with relative volume p(S) > 0. For any ¢ > 0, 4 > 0, and v > 0,
there exists N, such that in a roadmap with N uniformly sampled
nodes, the difference between the probability 8(S) and the estimate
7(S) fromthe roadmap is given by

(1 = 8)B(8) = e <m(S) <
with probability af least 1 +.

Furthermore, ife <min {Zz/2, u(8)/Zp} and § < Z5/(Zs +
2), then the number of roadmap nodes N required is given by

N=max{

(14 0)8(S) +¢, (4)

32 In(6/7)|] exp(~E(v)/ksT)lls

1(S)Z3e* +1
In(6/)ll exp(=E@)/knT)lls (Z5 +2)" }
1Z3u(5)0? ’

where [Iflls = sup, f(v) — infy f(v).

Proor.  See Appendix A. U]

The first pat of the above theorem says that, with high probability,
the stationary distribution 7 associated with a roadmap can gpprox-
imate 3, the Boltzmann distribution to any desired level of accuracy
characterized by the relative error ¢ and the absolute error £. Since
Monte Carlo simulation approaches 3 in the limit, too, it follows
from Theorem I that both SRS and Monte Carlo simulation con-
verge to the same limit distribution.
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Figure 3: Error in SRS estimates of the stationary distribution.

Figure 3 illustrates the result of Theorem 1. It shows that the error
in our roadmap estimates of the stationary distribution decreases
with increasing roadmap sizes, as predicted by the theorem. Fig-

ure 3 was obtained by evaluating our roadmap estimates of sta-

tionary distribution on a synthetic energy landscape in a 2-D con-

formation space. The space is divided into 100 equally-sized bins
B;,i=1,2,..., 100. We generated roadmaps of increasing sizes
and computed the stationary distribution m(B;) on the roadmap.
The Boltzmann distribution 3(B;) for each bin B; was estimated
by Monte Carlo integration. Figure 3 shows the average error in
our estimates, i.e.. (1/100) 32120 |w(B;) - B(B:)|.

The second part of Theorem [ deals with the convergence rate of
the roadmap estimate. For any desired level of approximation (a
given absolute error ¢, relative error 4, and confidence level ),

the number of milestones required is polynomial in 1/¢, 1/4, and
In(1/7). The size of the roadmap aso depends polynomialy on the
range of values for the Boltzmann fage ctor || exp(— E (v) /ks T)l| s,
the partition function Z, and the inverse of the relative volume of
the set of interest 1/u(S), where the relative volume p(S) is de-
fined as the ratio of the volume of the set S to the total volume of

C.

Our anaysis indicates that SRS and Monte Carlo simulation sample
points from the same distribution in the limit. It does not, however,
compare the paths generated by these two methods. In Section 2.3,
we explained intuitively the connection between the paths in SRS
and those in Monte Carlo simulation. Although this connection
has not been proven formally, it seems clear that, as the number of
milestones increases, a path in the roadmap will correspond to a
path in Monte Carlo simulation with infinitesimal step sizesin the
limit.

We have described, in the foregoing sections, how to construct a
roadmap and perform queries using the first-step analysis, and have
shown the relationship between SRS and Monte Carlo Simulation.
Now we ae ready to apply SRS to interesting biological questions.

5. Computing the transmission coefficients

for protein folding
Protein folding is the one of the most marvellous processes in na-
ture. Under suitable conditions, most proteins go through a series
of geometric transformations and assume unique 3-D structures,
called the native folds. which alow them to perform intricate bio-
logical functions. Since the pioneering work of Anfinszn [Anf73],
there has been large, on-going effort on predicting the native struc-
ture of a protein, given its amino acid sequence (see [KS96] for a
survey). Equally interesting. however, is to understand the folding

process itself: What geometric transformations does the protein go
through during the folding’? Which conformations are “closer” to
the native structure along the folding pathway’'?

To address this kind of questions, the transmission coefficient has
been introduced as an order parameter for protein folding [DPG'98].
It gives an indication on how far away a conformation is from the
native structure kinetically. For a folding process dominated by
two stable macrostates, a folded state F and an unfolded U/, the
transmission coefficient + for a given conformation g is the prob-
ability of arriving in F before arriving in U/, starting from q. If
q isin U, then + = (). If g isin F, then r = 1. More impor-
tantly, the transmission coefficient measures the “kinetic distance”
between a given conformation and the folded state (or the unfolded
state): from any conformation ¢ with r > 0.5, the protein is more
likely to fold first than to unfold first, and therefore ¢ is closer to
the folded state [DPG*98]. The transmission coefficient is not as-
sociated with any paticular folding pathway, but depends on many
pathways from onc state to another. It thus describes the average
behavior of afolding process from a given conformation.

Using SRS, we can easily compute transmission coefficients. Let
v;, ¢ = 1,2, be the sampled nodes in the roadmap, and 7; be the
transmission coefficient of v;. After constructing the roadmap, we
apply the first-step analysis to establish the following relationship
for every node v; not in F or U/

T’::ZP”"]'_FZP”'O_F Z P (5)

v EF v; €U JEF jEU

Equation (5) is obtained by conditioning on the first transition. Af-
ter one step of transition, we have three possibilities. In the first
case, we reach anode in F, the folded state. So we have reached F
before ¢/ with probability 1. In the second case, we reach anode in
U. So we have reached [{ before F, and the probability of reach-
ing 3 before f is 0. Finaly, if we reach a node v; in neither F
or 4, then the probability depends on the value of 7. Again, the
linear system in (5) can be solved iteratively to obtain the transmis-

sion coefficients for al the nodes in the roadmap simultaneously
without  explicit  simulation.

6. Results

We now show the computed results on two examples. The first
oneis based on arelatively simple synthetic energy landscape, and
the second one, on a rea protein. We compare the results from
SRS with those obtained from Monte Carlo simulation, a standard
method for computing transmission coefficients, and demonstrate
that SRS reduces the running time by severa orders of magnitude
and is more accurate. A main reason for us to use the synthetic
data is that Monte Carlo simulation would take excessive amount
of computation time on a fast workstation if a real protein were
used, and so we cannot perform extensive comparison. Our pre-
liminary implementation of SRS solves linear systems (5) with the
Jacobi method and does not exploit the sparsity of linear systems.
The computational advantage of SRS could be further increased by
using a better linear system solver.

The synthetic energy landscape lies in a 2-D conformation space.
It is constructed using a linear combination of radially symmet-
ric Gaussians. The centers, the decay rates, and the heights of the
Gaussians are chosen at random. There is also a paraboloid cen-
tered at the origin. The landscape has two global minima.

In the first test, we used SRS to compute 7 for 10 | sampled nodes in
the conformation space, with aroadmap of 10102 nodes, and then
used Monte Carlo simulation to compute the results for the same
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Figurc 4 The correlation of transmission coefficients computed by Monte
Carlo simulation and SRS on  synthetic data.

nodes. In the Monte Carlo simulation, we performed 500 indepen-
dent runs for each node. In each step of the simulation, we pro-

pose a new conformation ¢’ in a neighborhood around the current
conformation ¢ and accept or reject ¢’ according to the Metropo-
lis criterion. Each simulation run stops as soon as it is within a
small neighborhood of a conformation in the folded or the unfolded
state. The results computed with the two methods are plotted aong

the horizontal and vertical axes respectively (Figure 4). The figure
shows that all the points lie close to the diagonal line, indicating
that the results from the two different methods are in good corre-

spondence.

To examine the accuracy of our computed results, we conducted
further tests by varying the number of nodes sampled by SRS and
the number of independent Monte Carlo simulation runs for each
node. In each test, we summarize the correspondence between the
results from the two methods by their (normalized) correlation co-
efficient, which is defined as

(zy) = (x)(y)
V(@) = @) () = o))

for two vectors ¢ and y, where {-) denotes the operation of taking
the expectation. Note that the magnitude of p is always between 0
and 1. with O indicating no correlation and | indicating perfect cor-
relation. Figure 5 shows the results of these additiona tests. The
horizontal axis of the graph is the number of nodes in the roadmap,
and the vertical axis isthe correlation coefficient p. The graph con-
tains three curves, each corresponding to a different number of in-
dependent Monte Carlo simulation runs per node. The three curves
show a generally similar trend. Initially p improves rather quickly
as the number of nodes in the roadmap increases. The curves then
flatten out after a certain point. It is not immediately clear whether
they will reach |, which would indicate perfect correlation. Since
p measures only the relationship between the two methods, and
wc do not know the ground truth, these general trends do not tell
us whether the discrepancy is due to the inaccuracy in SRS or the
variance inherent in Monte Carlo simulation. However, we can get
a hint by comparing the three curves. For a roadmap of a given
size, p generally improves as we increase the number of indepen-
dent Monte Carlo simulation runs. This seems to indicate that SRS
gives the more accurate results: when we increase the number of
independent Monte Carlo simulation runs per node, the variance
of Monte Carlo simulation decreases, and the results get closer to
those obtained from SRS.

Wc also compared the running time of the two methods. The com-

p(:c,y) =
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Figure 5: The change of con-elation coefficient p as the number of nodes

in the roadmap increases. The three curves correspond to Monte Carlo sim-

ulation with 7 = 100,500, 1000 independent runs for each node. As r
increases, the correlation between the resits from the two methods usudly
improves.

Table | : Running times of 100 Monte Carlo simulation runs per conforma
tion on the synthetic energy landscape. First and third rows give the number
of conformations processed. Second and fourth give the running times.

No. Conf. 10 20 30 40 50
Time (sec.) 866 1588 2356 3191 4026
No. Conf. 60| 70 80 90 100
Time(sec.) i 4913 5621 6404 7203 SO77

putation time of SRS consists of two parts: the time to construct
the roadmap and the time to solve alinear system of equations. On
a red protein, the first part is dominated by the time to evaluatc the
energy of sampled nodes. The second part depends on the size of
the linear system, which, in turn, depends on the number of nodes
in the roadmap. The running time of Monte Carlo simulation is
dominated by the time to compute the energy of sampled confor-
mations

In our current implementation, the roadmap construction part of
SRS was coded in C++, and the linear system solver, in Matlab.

Monte Carlo simulation was implemented entirely in C++. The
timing results reported here were obtained on a 1GHz Pentium-I1{
PC with IGB of memory. In a typical run on the synthetic land-
scape, SRS took 8 seconds to construct aroadmap of about 10,000
nodes, and 750 seconds to solve the linear system and obtain the
transmission coefficients for all the nodes. The running times of
Monte Carlo simulation is tabulated in Table 1. It is clear from
Table 1 that the running time of Monte Carlo smulation is linear

with respect to the number of conformations processed. Although

we did not try the Monte Carlo simulation on all 10,000 confor-
mations, it is not difficult to infer that the running time would be
around 800,000 seconds.

In addition to the synthetic data, we also tested our agorithm on a
red protein, repressor of primer (ROP). ROP is a four-helix bundle.
We study one monomer in isolation as in [STD93].

The 3-D structure of ROP is obtained from the Protein Data Bank
[B¥77]. The monomer consists of 56 residues forming two ¢ he-
lices connected by a loop. Our implementation specifies the confor-
mation of the monomer with a vector-based representation [SB97,
ASBLO1]. The protein is represented by two vectors connected by
aloop. Asin [ASBLOI1], there are six conformational parameters
in total. Our energy function uses the H-P model [STD95] consist-
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Figure 6: The correlation of the transmission coefficients of ROP com-
puted by SRS and Monte Carlo simulation.

ing of two terms. one measuring the hydrophobic interaction and
the other measuring the excluded volume. In both SRS and Monte
Carlo simulation, we discard conformations that violate steric hin-
drancc  congtraints.

Here, the folded macrostate contains all conformations within 3 A
of the native fold according to the RM S distance, and the unfolded
macrostate, al the conformations within 10 A of the fully-extended
conformation.

We examined the transmission coefficients for ROP a 39 randomly
selected conformations using both SRS and Monte Carlo smula-
tion. In SRS, we computed the estimates for increasing roadmap
sizes. In Monte Carlo simulation, we performed up to 300 inde-
pendent runs at each of the 39 conformations to get the estimates.
Asin the case for synthetic data, we computed the correlation co-
efficient for increasing number of Monte Carlo simulation runs per
node. The results, shown in Figure 6, suggest conclusions simi-
lar to those obtained from synthetic data. First, the SRS estimates
improve rapidly as the roadmap size increases. Second, the correla:
tion tends to increase as we perform more Monte Carlo simulation
runs per node, indicating that variance in Monte Carlo simulation
is the likely cause for the discrepancy.

The totd time to generate a roadmap Wwith 5000 nodes and compute
the transmission coefticients for al the nodes in the roadmap was
about one hour. In comparison, it took an average of three days
of computation time on the same machine in order to execute 300
Monte Carlo simulation runs required to estimate the transmission
coefficient at just pne conformation. To generate the results for
Figure 6, the Monte Carlo simulation procedure spent about one
hundred days of computation time, as opposed to one hour needed
by SRS for all 5000 conformations.

The above results indicate that, to compute the transmission coef-
ficients 1 for only afew nodes (say 10), we may use Monte Carlo
simulation. SRS is not applicable in this case, because the num-
ber of nodes istoo small to generate accurate results. On the hand,
if wc want 7 for many nodes spread over the entire energy land-
scape, which is the more typical situation, SRS is far more effi-
cient. It computes 1 for all the nodes simultaneously, thus offering

a speedup of several orders of magnitude in running time according
to our experiences.

7. Discussion

We have introduced stochastic roadmap smulation as a new frame-
work for studying molecular motion. A roadmap compactly en-
codes an ensembl e of pathways, and the first-step analysis allows
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us to efficiently extract from the roadmap interesting kinetic prop-
erties of molecular motion. A sdlient feature of SRS is that it ex-

amines al the paths in a roadmap together using algebraic meth-

ods rather considering them one at a time as classic methods such
as Monte Carlo simulation would do. SRS also avoids the local-

minima problem encountered with existing methods. It thus gains
tremendous computational efficiency for suitable problems.

SRSisclosely related to Monte Carlo smulation. Every path in a
roadmap can be interpreted as a possible Monte Carlo simulation
run. In addition to that, we proved that, in the limit, SRS and Monte
Carlo simulation converge to the same distribution.

We have applied SRS to the computation of the transmission coef-
ficients for protein folding in order to test its effcctivencss. Trans-
mission coefficients can be obtained from Monte Carlo simulation,
but the long computation time required is pointed out as one of the
main obstacles to its general utility [DPG198]. We have shown
in our computational studies that SRS reduces the running time by
several orders of magnitude, compared with Monte Carlo simula-
tion, and obtains more accurate results.

In [DPG*98], Du et al. suggest that the transmission coefficient
can serve as the best possible measure of kinetic distance for a sys-
tem. However, overwhelmed by the computational burden of stan-
dard simulation methods, they wrote, “To conclude, we stress that
we do not suggest using the transmission coefi'icient as a transition
coordinate for practical purposes asit is very computationally in-
tensive.” Our computational studies suggest that SRS makes the
computation of the transmission coefficient viable, which would
potentially enable its use in practice.

Our preliminary work indicates that SRS is a promising new method
for studying molecular motion, but many interesting questions re-
main to be explored.

We would like to find better ways for constructing roadmaps. Cur-
rently we use the uniform distribution to sample the conformation
space C of a molecule. As the dimension of C gets higher, it be-

comes increasingly more difficult to obtain biologically interesting
conformations with uniform sampling. There are two ways to deal

with this issue. First, we may use a more efficient representation
(e.g., the vector-based representation in Section 6) to reduce the
dimension of C. Second, wc may construct better sampling strate-

gies that favor low-energy regionsin C. If the nodes of aroadmap

are sampled non-uniformly, we must make appropriate adjustment
when assigning transition probabilities so that SRS converges to the
same distribution as Monte Carlo simulation does.

The most time-consuming part of the firs-step andysis is solving a
linear system of equations. The linear system solver in our current
implementation is till crude. A better iterative method that exploits
the sparse structure of a linear system will certainly further improve
the efficiency of SRS.

Even more interesting is the application of SRS to other important
questions on molecular motion, such as the order of eventsin pro-
tein folding. Do secondary structure elements (SSE) form first as
sub-units before they organize into a tertiary structure? When does
a particular SSE appear'? We dso plan to use SRS for studying the
kinetics of ligand-protein binding. Our hypothesis is that there are
energy barriers around binding conformations. If a ligand is in a
binding conformation, it must overcome the energy barrier in order
‘to escape. The conformation that puts the ligand at the catalytic
site has the highest energy barrier, and it takes the longest time to
escape from it. The roadmap combined with the first-step analysis
offers anatural tool to compute the escape times and thus identify



potential catalytic sites. We believe that SRS will play an important
role in studying these and other Interesting biological questions.
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Appendix

A. Proof of Theorem 1

In the first set of the proof, we show a closed form solution to the
stationary distribution on the roadmap:

LEMVA 2. Fpr any set S the stationary distribution on the
rondmap can be rewritten as:
() = S ies eXp(—E(vi)/ksT)
2., exp(=E(v;)/ksT)

PROOF.  Firgt, note that a random walk on a graph with our tran-
sition probabilities F;; has a stationary distribution:

m; = ma(vi) exp(—E(vi)/ksT)/Zv; o

where Zv is a normalization constant and me (vi) is the station-

ary distribution for a random walk on a graph with the same con-
nectivity, but with the energy dependent exp(—AE;;/ksT) term




removed from the transition probabilitics P;; (for a derivation of
this statement. see for example{Haj88}). We will denote these new
transition probabilitics by P;;.

Now note that for the casc of our roadmaps, }){J becomes an uni-
form distribution over the neighbors:

e ifj €N,
P} :{ (!)u!

otherwise
where N; is the set of neighbors of node i; and F;; = 0. Note that
in our roadmaps node i is connected to j (j € ;) if and only if
node j 1S connected to i (i € 1V,). In such graph, the stationary
distribution 7, istrivially given by:

INVi

ra(vi) = 7o

where Z¢: is anormalization constant

3

0

Now, returning to our definition of stationary distribution in a set S

from Section 4
Z €S |

Substituting in  Equations (6) and (7):

7(S) = Z exp(—

€S

E(v;)/ksT)

We can compute the normalization constant Z' by the constraint
7(C) = 1, yidding:

Z—Zexp

Thus, proving the lemma. [

E(v;)/ksT)

The remainder of our proof will require the application of Hoeffd-
ing's inequality. Wc present here the simplified version of the in-
equality needed for the proof:

Lema 3 (HOEFFDING'S | NequaLi Ty [HOEG3]). LetY be
a random variable distributed according to P(Y) such that Y €
[ab. Let V7, , Y, be n independent, identically distributed
samplesfrom P(Y) and the empirical mean Y = 2 37, ¥;, then:

7I.€2
<e b=, and

P(Y - E[Y] > ¢)

ne? ®
PE[Y]-Y >¢e)<e ==, O

For simplicity of presentation, assume without loss of generality
that the volume of the conformation spaceisone: p(C) = 1, where
the volume of some s&t F is denoted by w(F), ie, w(F) represents
the proportion of the totd volume of C occupied by 3.

Theorem | holds for gny confidence level v > 0. In the proof, we
will divide this «y in three parts: y: > 0, y2 > 0 and 2 > 0, such
that 4, + 2 + 3 <y as our proof will require three applications
of Hoeffding's inequality.

Our first lemmawill bound the number of pointsthat fall in the set
of interest S:

Lewn 4. For a uniformly sampled roadmap of N points, for
any £; > 0, let K be the number of roadmap points that fall in the
set S then:

K

S ~e1 < T S u(d) e )

with probability at least | — ~,, where ; > 90— e}
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Proot. Application of Hoeffding's inequality, where the ran-
dom variable Y is the indicator that a point falls in the set S. By
the law of large numbers, E[Y]= p(S)/u(C) = p(S. The em-
piricl mean ¥ = K/N and Y is an indicator, thus, Y € [0, 1].
The proof is concluded by applying Lemma3. [l

We would like to have, with high probability, at least one milestone
in the S. (This constraint can be relaxed, but the proof becomes
more complicated.) Thus, we must choose the number of nodes N
such that K > 0 with probability at least 1 = ~1. Using the con-
straint in Lemma 4, we know that K > { N(u(S) — e1)]. Thus:

N2T/(S) el
For the remainder of the proof, we can assume, with probability at
least 1 =~ v, that K > 0.

For the next step of the proof, we will need a definition: for some
set F C C, let’sdefine the Boltzmann integral in this set as:

a(}"):/fexp(—E(v)/kBT)dv

Note that «(C) corresponds to the partition function Zz. Under this
definition, we can write the Boltzmann distribution as.
_a(F)
PR =50
We will denote the range of a function f as || flls = sup, f(v) =

inf, f(v). Our next lemma implies that we can estimate the Boltz-
mann integral with samples:

Lemn 5. For any set 7, let Y; be M uniformly sampledpoints
in F, fur any ¢ > 0, then:

o F)-en(F) < 1) 5 (- BODT) S a(F) o)

with probability at least 1 ~, where 1o
—Me
vz 2o (e E(v)/kBT)us)
Pracr.  Define a random variable Y = exp(—E(v)/ksT),

note that E[Y] = a(F)/u(F). The proof is concluded by ap-
plying Hoeffding's inequality. [J

We will apply Lemma 5 twice, first for computing the Boltzmann
integral inthe set S, obtai ning the bound:

o(8)—eau(S Z exp(—E(Y:)/ksT) < a(S)+e20(S);
€S an
with probability at least: 1 v,, where
2 200 (o )
The second bound concerns the integral over the whole space:
—e3{ = Zexp Y;)/ksT) < (C) +e3; (12)

with probability at Ieast. 1 s, where
—?Vf‘:g

» 2 2oy

In the remainder of this proof. we will assume that equations (9),
(11) and (12) hold, i.e., the argument holds with probability at |east
L=ty +7) =1y,



Next, note that from Lemma 2 the stationary distribution on the
roadmap can be rewritten as:

2ics exp(—E(Yi)/kpT)
> exp(—E(Y;)/ksT)

m(S) =

Applying the bound on Equation (9) wc get:
(,L(S) —e1\ Pics exp(—E(Y)/ksT)
K/N ] 3 exp(—E(Y;)/ksT)
<n($) <

(N(S) +51\ Zies EXp(—E'(Yi)/kBT).
K/N ] > exp(~E(Y;)/ksT) ’

rearranging:
(,u(S) — 21\ M)/ K .5 exp(—E(Y:)/ksT)
w(S) ) 1NZexp(=E(Y;)/ksT)
<w(S) <

(/A(S) + &1 \ w(S)/ K Zies exp(—E(Y:)/ksT)
wS) ) YN, exp(—E(Y;)/ksT)

We can now apply the bounds in Equations (11) and (12):

(u(é’) — e\ «(S) — e2u(S)u(S)
ws) J a(C) + &3

<(8) <

(,u(S) +e1) alS)+ep(S)

mS) ) all)=es
This expression can be rewritten as.
alS) . os) |
(1-6) ) < w(8)§(1+6)a(c)+s,

which finaly leads us to the dtatement of our theorem:
@ 9)B(S) e<w(S)<(1+8)B(S) +e

where ¢ and § impose the following constraints:

e2(u(8) +e1)
£ 2 a0 =5 (13)
§o> e1a(C) + e3u(S) (14)

#(S) (@(C) —es)

In addition to these two constraints, we have the constraints im-
posed by the confidence tevels 71, 2 and ys:

N 111(2!)%)3 (15)
1
N >_1n(2/72)H exp(—E(v)/QkBT)lls F36)
(P(S) - €1)ed
N > In(2/~s)]| eXPg(Z—E(U)/kBT)HS a7
3
Y Z i+t (18)

Given any > 0.6 > 0 and y > 0, we can use constraints (13) —
(18) to obtain the required number of nodes N in the roadmap to
sisfy the theorem.
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To obtain a simpler convergence rate, we can simplify these con-
straints by imposing: ¢ = sp= 3= é<¢gand Vi = y2= y3 =
v/3.
Let's first consider the ¢ constraint on Equation (I 3), which can
now be written as.
> EWlS) +~5).
(4

Rearranging, we have that:

e {C) &2
p(S)+e  wS)+e
Finaly, recall that (S} <1, & <¢ and, for a non-trivial approxi-
mation schema, £ < 1. Thus, we conclude that:
e(a(C) =€)

2

(L]

<

€< (19)

Using a similar manipulation of the 4 constraint on Equation (14),
we can write:

a(C)p(S)d
a(C)y+ (S8 +1)
Noting that 1(S) < 1 and, in a non-trivial approximation schema,
¢ <1, we can simplify the constraint as:
. aOu(s)
< NPT
£ = alC)+2

<

(20)

We can now consider the constraints on N given by Equations (15) —
(17). Note that for the case of ¢y = ey = egz3=¢éand 71 = 72 =
~s3, only the constraint in Equation (16) will be binding. This con-
draint can now be written as:
N > @Ml exp(—E(v)/ksT)||s +
- (P()=¢)e

Substituting the constraints on £ given by Equations (19) and (20),
we can obtain the value of N:

8 In(6/7) || exp(—E(v)/knT)lls
2u(8)  e(a(C) )] ¥ (alC) - ¢)?

In(6/)|l exp(—E(v) /ksT)|ls

[~ () ooy (i) o

We can further simplify this equations by making some assump-
tions on ¢ and 6. Assuming that:

1.

N=max { [ + 1,

a(C). j(S) __a(0)
€S £330 5—a(0)+2'

Applying these constraints to the denominator of the equation for
N above and simplifying, we obtain a final bound:
321n(6/)|| exp(=E(v)/ksT)||s
w(S)a(C)2e?
In(6/7)|| exp(- E(v)/ksDlls (a(€) + 2" _,
40(C)2 u(8)%62

N = max { +1,




