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Abstract

Decentralized Estimation for Stochastic Multi-Agent Systems

Fayette W. Shaw

Chair of the Supervisory Committee:
Associate Professor Eric Klavins

Electrical Engineering

The work here addresses estimation and control of the state of a multi-agent system. Three

algorithms are introduced in the framework of distributed scalar and graph estimation.

The first is Input-Based Consensus (IBC), where agents update their estimates using dis-

crete and continuous state information. For IBC, we prove the convergence and stability,

examine robustness to dropped messages, and demonstrate the algorithm on two robotic

testbeds. The second is Feed-Forward Consensus (FFC), where agents include relative state

change when updating their estimates. For FFC, we prove the convergence and stability of

the algorithm, and simulate it in the context of a fixed-topology robotic network. Lastly, we

present graph consensus, where agents estimate a graph rather than a scalar. We present a

model of the system, simulate it, and demonstrate the algorithm on a system of wearable

devices built for this purpose.
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Chapter 1

INTRODUCTION

The promise of robotics is to create agents to perform dirty, dull, and dangerous tasks.

Along these lines, robots have already been used for search and rescue [28, 29, 101],

surveillance [88, 89], and warehouse order fulfillment [100, 128]. The potential for robots is

magnified when imagining robotic cooperation. The benefits of cooperation can be seen in

large-scale, redundant, and robust biological systems, such as ants and bees. They appear

to behave in a decentralized, asynchronous manner yet manage to reach a common goal.

In a colony of ants, each ant chooses a task in response to cues from the environment

and other ants [13]; an example of this is shown in Fig. 1.1(a) [32]. At any point, an ant has

the choice to pick up, carry, or drop a particle. When an ant encounters an accumulation

of particles it chooses to drop its payload, thereby increasing the aggregate and causing

the clustering. A large group of people can make decisions in a decentralized way to

form a pattern. In Fig. 1.1(b), groups of people decide where to stand on the Washington

Mall for Obama’s 2008 inauguration. The people assign themselves to locations based on

the positions of Jumbotron screens for the task of finding the best view. Agents in both

systems lack a centralized coordinator and act independently based on their environment

and neighbors.

Biological systems have long been an inspiration for multi-robot systems [94, 67, 123,

33, 68], particularly for large numbers of robots. Swarms of ants and bees perform robustly

in the face of uncertainty and environmental changes. Although a swarm of insects is

robust and adaptive, each individual is simple. The capabilities of the agents are local

and reactive; agents do not appear to store much information or follow a high level plan.

Instead, complex and robust global behavior seem to arise from the composition of simple

agents.

Robustness requires that systems possess several desirable properties. Ideally, multi-
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eventually perform the task. It is certainly possible to

design a scheme in which d can vary depending on

the efficiency of i in performing task j .

4. Cemetery formation and exploratory data

analysis

4.1. Cemetery organization

Chrétien [11] has performed intensive experiments

on the ant Lasius niger to study the organization of

cemeteries. Other experiments on the ant Pheidole

pallidula are also reported in [18], and it is now known

that many species actually organize a cemetery. The

phenomenon that is observed in these experiments is

the aggregation of dead bodies by workers. If dead

bodies, or more precisely items belonging to dead

bodies, are randomly distributed in space at the begin-

ning of the experiment, the workers will form clusters

within a few hours (see Fig. 9). If the experimental

arena is not sufficiently large, or if it contains spatial

heterogeneities, the clusters will be formed along

the borders of the arena or more generally along the

heterogeneities. The basic mechanism underlying this

type of aggregation phenomenon is an attraction be-

tween dead items mediated by the ant workers: small

clusters of items grow by attracting workers to deposit

more items. It is this positive feedback that leads to

Fig. 9. Real ants clustering behavior. The figures show four suc-

cessive pictures of the circular arena. From left to right and from

up to down: the initial state, after 3, 6 and 36 h, respectively.

the formation of larger and larger clusters. In this case

it is therefore the distribution of the clusters in the

environment that plays the role of stigmergic variable.

Deneubourg et al. [18] have proposed a model rely-

ing on biologically plausible assumptions to account

for the above-mentioned phenomenon of dead body

clustering in ants. The model, called in the follow-

ing basic model (BM), relies on the general idea that

isolated items should be picked-up and dropped at

some other location where more items of that type are

present. Let us assume that there is only one type of

item in the environment. The probability for a ran-

domly moving ant that is currently not carrying an

item to pick-up an item is given by

pp =
(

k1

k1 + f

)2

, (12)

where f is the perceived fraction of items in the neigh-

borhood of the ant and k1 is the threshold constant:

for f ≪ k1, pp is close to 1 (i.e., the probability of

picking-up an item is high when there are not many

items in the neighborhood), and pp is close to 0 if

f ≫ k1 (i.e., items are unlikely to be removed from

dense clusters). The probability pd for a randomly

moving loaded ant to deposit an item is given by

pd =
(

f

k2 + f

)2

, (13)

where k2 is another threshold constant: for f ≪ k2,

pd is close to 0, whereas for f ≫ k2, pd is close to 1.

As expected, the pick-up and deposit behaviors obey

roughly opposite rules. The question is now to define

how f is evaluated. Deneubourg et al. [18], having

in mind a robotic implementation, moved away from

biological plausibility and assumed that f is computed

using a short-term memory that each ant possesses: an

ant keeps track of the last T time units, and f is simply

the number N of items encountered during these last

T time units divided by the largest possible number

of items that can be encountered during T time units.

If one assumes that only zero or one object can be

found within a time unit, then f = N/T . Fig. 10

shows a simulation of this model: small evenly spaced

clusters emerge within a relatively short time and then

merge into fewer larger clusters. BM can be easily

extended to the case in which there are more than one

type of items. Consider, e.g., the case with two types

(a) (b)

Figure 1.1: (a) Clustering ants in a Petri dish [32]. (b) Crowds gathered to witness Barack
Obama’s inauguration, January 20, 2009. Image from GeoEye satellite [39].

robot systems must be responsive to unknown environments with disturbances including

robot failures, communication drops, changing populations, and sensor errors. However,

as Veloso and Nardi point out, “the techniques for coordination and cooperation in [Multi-

Agent Systems] are often not well suited to deal with the uncertainty and model incom-

pleteness that are typical of robotics” [120]. Much work has been done since their article,

but there is still a long way from multi-robot systems operating pervasively. We aim to

address problems in cooperation to make large multi-agent systems more realizable.

One of the problems with any number of agents is agreement. To coordinate, agents

must agree upon the state of the system. In our systems, agents come to agreement on

their estimates of the global state using local interactions. They then use the estimate to

drive the system to a desired state. The contribution of this thesis includes two classes

of decentralized estimators for stochastic multi-agent systems. Algorithms were derived

analytically, simulated, and demonstrated on three testbeds. The goals of this work are

described as follows:

• Design algorithms for distributed control and estimation for multi-agent systems.

• Prove convergence and stability of these algorithms.

• Analyze robustness of algorithms.
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• Demonstrate estimation and control algorithms on hardware testbeds.

We designed two algorithms, Input-Based Consensus (IBC) [107] and Feed-Forward

Consensus (FFC) [108], both of which estimate a scalar quantity called the population frac-

tion. The population fraction is the fraction of robots in a particular state. This estimate

then informs a simple stochastic controller that switches the state of the robot, so that the

robot can reassign its own state based on a desired population fraction.

Input-Based Consensus (IBC), described in Ch. 5, is a scalar estimation algorithm that

uses the initial states of the robots for estimate updates. For this algorithm, we developed

a mathematical model, proved convergence, and performed simulation and hardware ex-

periments [107]. IBC is robust to arbitrary initial conditions and faulty communication; it

converges with a finite variance under the requirement of well-mixed interactions and a

constant number of agents. We experimentally derived a sensitivity function for the esti-

mator variance as a function of the percentage of dropped messages [106]. We demonstrate

that IBC with the controller converges in simulation. IBC is demonstrated two hardware

platforms, the Programmable Parts Testbed and SwarmBot Testbed, both introduced in

Ch. 2.

Feed-Forward Consensus (FFC), described in Ch. 6, is a scalar estimation algorithm that

updates estimates via averaging and during a state change. We developed a mathematical

model for agreement that converges with zero variance, proved convergence for the esti-

mator and controller, and performed simulation. FFC is robust to an arbitrary number of

agents and converges with zero variance under the requirement of perfect communication.

We apply it in a fixed-topology condition in simulation. Ch. 6 summarizes the results of

Shaw et al.[108].

The third contribution, detailed in Ch. 7, involves distributed estimation and agree-

ment for the connectivity of a graph. We developed centralized and decentralized models

but focused on the decentralized model for simulation and testing. We built Grouper,

a hardware testbed used to estimate the proximity of a group of people to each other.

Grouper alerts the group if it is too spread out. The hardware was characterized in various

environments and tested outdoors to obtain real-world results.
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Our goal is to build general framework for estimation of scalar and graph quantities

in stochastic systems. We present our algorithms with proofs of convergence that are con-

firmed by simulation and a hardware realization with the hope of later extending our work

to large-scale multi-agent systems.
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Chapter 2

RESEARCH SETTINGS

We developed algorithms that are applicable to a wide class of systems and demon-

strated them on three multi-agent testbeds. The first is the Programmable Parts Testbed

and it consists of modular robotic components that self-assemble. The second testbed is a

set of mobile robots called SwarmBots, which demonstrates a variety of multi-robot dis-

tributed algorithms including sorting, dispersing, and clustering. The third testbed, called

Grouper, is a set of wearable devices used in group coordination. We present the testbeds

here along with related hardware.

2.1 Programmable Parts Testbed (PPT)

The Programmable Parts Testbed (PPT) [63] was built primarily by Nils Napp [83].

The PPT consists of triangular robots that are propelled by an external system of randomly

actuated airjets and is shown in Fig. 2.1. The PPT serves as an approximation of chemical

reactions on which to study a rich set of problems such as concurrency, non-determinism,

and bottom-up self-assembly. The testbed simulates a test tube where components are so

small that they are subjected to thermodynamic mixing. We limit ourselves from manip-

ulating them individually. Instead, we design a common set of local rules for agents to

produce a desired global behavior. The PPT was the inspiration for the scalar estimation

algorithms presented in Ch. 5 and Ch. 6. We imagine components so small and so numer-

ous that it is only possible to estimate the fraction of components in a state.

Each chassis (Fig. 2.1(b)) contains a microcontroller, three controllable magnetic latch-

ing mechanisms, three infrared transceivers, LEDs, and associated circuitry. When two

robots collide, they temporarily join together using the embedded magnets in their chas-

sises and exchange information via an infrared communication channel. Collision is the

only mechanism for information exchange and occurs stochastically. Additionally, the
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(a) Airtable (b) Exploded view of tile

Figure 2.1: The Programmable Parts Testbed (PPT). (a) A schematic of the testbed. The
parts float on an air table and are randomly stirred by air jets to induce collisions. (b) A
diagram of a programmable part highlighting the latching mechanism.

robots can detach from one another by rotating motors that are attached to magnets. Thus,

the robots can selectively reject undesirable configurations. We collect data using the LEDs

on the robots from an overhead camera (LEDs not shown).

The PPT is part of a class of multi-robot systems of reconfigurable robots that do not

have fixed morphology. The vision for modular reconfigurable robots is having a large-

scale system with many inexpensive and robust components that can adapt to different

scenarios; however, the state-of-the-art modules are few, expensive, and fragile. Yim et al.

review current modular systems including the PPT [133].

The PPT is a stochastically reconfiguring system and we model it as a Markov process

[64, 63]. Other testbeds are also described as Markov processes including passive parts

[50], non-locomoting but actuated parts [10] and mobile robots [77]. In these testbeds,

robots move randomly and generate random communication graphs.
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(a) A SwarmBot (b) The Swarm.

Figure 3-5: a. Each SwarmBot has an infra-red communication and localization system
which enables neighboring robots to communicate and determine their pose, {x, y, �} rel-
ative to each other. The three lights on top are the main user interface, and let a human
determine the state of the robot from a distance. The radio is used for data collection and
software downloads. b. There are 112 total robots in the Swarm, but a typical experiment
uses only 30-50 at a time. There are chargers shown in the upper right of the picture.

The main sensor used in this work is the infra-red communication and localization sys-
tem. This system lets nearby robots communicate with each other and determine their
pose, p = {x, y, �} relative to each other. The system has a maximum localization and com-
munication range of around 2.5 meters, but all experiments were run at the lowest transmit
power setting, which has a range of about 1.0 meter. The lowest power setting is used to
produce multi-hop networks within the confines of our experimental workspace, which
is an 2.43 m ⇥ 2.43 m (8’ ⇥ 8’) square. The system can determine range and bearing to
neighboring robots with an accuracy of 2 degrees and 20 mm when there is 500 mm of sep-
aration between robots. Because the system needs two messages from a neighboring robot
to make a pose estimate, the accuracy of the localization degrades when there is a high
density of robots and message collisions increase. Since the system is line-of-sight, nearby
neighboring robots can occlude communications from more distant neighbors. The data
rate of the system is 250 Kbit/s, but packetization and protocol overhead reduce effective
throughput to around 100 Kbit/s, which must be shared with all robots within range.

The SwarmBot has custom hardware dedicated to the centralized user interface. This
includes the three large LEDs on the top of the robot and the audio system. These devices
let a human determine the state of the robots without having to look away from them to a
computer screen. There are 108 total different blinking patterns, but only a small fraction
is used in any one experiment. [74] Each robot has a 1 Mbit/s radio, which is used to
download new programs remotely and for data collection. The data collection system is
discussed in the next section.

52

(a) The Swarm.

IR Inter-robot 

communication  

Behavior LEDs 

Bump skirt 

Camera 

Radio 

(b) A SwarmBot.

Figure 2.2: The SwarmBot testbed with individual robot and Swarm. The SwarmBot
testbed is a mobile robot platform of up to 100 robots used to examine distributed multi-
agent algorithms.

2.2 SwarmBot Testbed

The SwarmBot testbed (Fig. 2.2) is a multi-robot system built by James McLurkin [79].

Each robot has a processor, unique ID, four IR transceivers to communicate with other

robots, and various sensors, such as bump skirt for obstacle avoidance, as shown in Figure

2.2(b). LEDs are mounted on top of the robots to indicate state for the user. There are on

the order of 100 agents in existence, but we designed experiments for about 20 robots, due

to spatial limitations for collecting data.

Algorithms already implemented on the SwarmBot testbed include communication

routing, navigation, dynamic task assignment, and boundary detection [80, 79]. We use

the SwarmBot testbed to demonstrate Input-Based Consenus, one of our scalar consensus

algorithms. Specifically, we demonstrate IBC with dropped messages to examine the ro-

bustness of the algorithm (Ch. 5). We model the system as a set of well-mixed particles and

we enforce this behavior by implementing a “bounce and reflect” behavior on the robots.

Robots drive straight until contacting an obstacle and “reflect” back into the environment.

Few robotic testbeds exist where the agents are so numerous. The Centibots [66] aims

to advance coordination with deployment of 100 robots for search and rescue and surveil-
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lance. Kiva Systems [128] employs one thousand robots in two warehouses for order ful-

fillment. Increased numbers of agents present challenges for communication and coordi-

nation.

2.3 Grouper Testbed

We built the Grouper Testbed to explore graph consensus (Ch. 7). The purpose of this

testbed is to estimate the proximity of a group and alert group members when the group is

not together. Grouper is a wireless testbed for group coordination and consists of wearable

modules.

Grouper consists of modules made primarily from the LilyPad Arduino microprocessor

and related components [21]. The LilyPad Arduino is a sewable and washable micropro-

cessor that can be connected to other components via conductive thread. This toolkit has

allowed for simple integration of electronics into clothing [23, 22] and was chosen for size,

available components, and ease of development, particularly for the wearable modules.

There are three types of modules: wearable, logger, and leader. Each module consists

of an Arduino microprocessor [117], XBee Series 1 radio [31], lithium polymer battery,

LilyPad power board, and electronics for sensory cues. The wearable Grouper module has

been designed to be worn on the wrist and includes the Q board on its face to provide

sensory cues (Fig. 2.3a). The Q board consists of two LEDs, green and red, to indicate

if a user is within a desirable range, a speaker, and a vibrating motor. Together, these

electronics alert a user when he or she has wandered too far from the group. The inside of

the wrist module contains the LilyPad Arduino and battery components (Fig. 2.3b).

We designed the grouper leader module particularly for group coordination with a

leader. The leader module features an LCD screen to list group members’ names (Fig. 2.3c)

The LCD indicates when a user is out of range or has been missing from the group for

an extended period of time. The leader includes the Adruino Deumilenove [117], scroll

buttons, and mode switch. The scroll button is used to navigate the LCD entries and the

mode switch is used to change between group behaviors.

The logger was designed as a compact device for recording data (Fig. 2.3d). The logger
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XBee$wireless$radio$
Q$board$

speaker$

vibe$
motor$

LEDs$

a) Wearable Module, outside 

Lithium$
Ion$Ba;ery$

LilyPad$Arduino$LilyPad$
Power$

b) Wearable Module, inside 

XBee$wireless$radio$

Adafruit$Logger$

LilyPad$Power$

d) Logger 

scroll$
bu;ons$

mode$
switch$

XBee$wireless$radio$

LCD$

c) Leader 

Figure 2.3: Various modules of the Grouper system. a) Wearable module. Designed to be
worn on the wrist, the outside provides sensory cues. b) Wearable module, inside. The
inside includes the microprocessor and battery. c) Leader module. An LCD to displays the
names of group members. d) Logger Module. Used for data collection.

consists of an SD card reader, Arduino Deumilenove, XBee, buzzer, and various electronics.

It acts as a node in the experiments. The drawback of using a single centralized logger is

that it records data only whenever it receives a message, not when a user wanders away.

We designed Grouper so that users need not continually consult the modules. A user

is alerted via a vibrating motor if he or she is too far. Note that Grouper works only prox-

imally rather than directionally. An alert does not give the direction for a user to look; it

alerts the user to notice surroundings and look for the group. This system is not a replace-

ment for keeping track of members in a group; it simply augments a user’s ability to track

the group.

2.3.1 Person Tracking

Products exist for tracking people and most are geared toward tracking children. Low

tech approaches include temporary tattoos [116], ID bracelets [121], reflective vests [102],

and leashes. The problem with these low tech approaches is that they are reactive rather

than preventive; they only work if a child is found by a friendly stranger who contacts the

caregiver. An example of a reactive high tech solution is EmFinders EmSeeQ [59], which

uses the cellular network to call 9-1-1 and is triggered by the caregiver. In contrast, active

high tech solutions include Brickhouse’s Lok8u GPS Child Locator [19] and Amber Alert

GPS [1], which alert a caregiver if a person has wandered out of a safe zone. Disadvan-

tages of current high tech solutions include consumer overhead and sensing limitations.
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EmSeeQ, Lok8u, Amber Alert GPS, all require subscription plans for operation and GPS

solutions do not work indoors.

Patients with dementia are also prone to wandering. Approaches to preventing wan-

dering include those that address the actual events such as physical restraints, barriers,

and electronic devices, and those that lessen wandering behavior such as drugs, exercise,

and sensory therapy [7, 82, 99]. While effective, there are some ethical concerns for using

tracking devices [54].

Most research platforms that track people are composed of intelligent badges that lo-

cate users [124] or track user interactions [62, 122]. Often, they have been implemented

to infer social networks in office environments or to infer interactions with objects in ed-

ucational environments. Hwang et al. built a system to observe exploratory behaviors in

kindergarten field trips [56] and Park et al. designed smart badges for a “Smart Kinder-

garten” [87].

Current commercial and research approaches do not aim to keep people in a group;

they locate wearers relative to a caregiver or an environment. In our work we not only

observe a network but also apply sensory cues to guide the system to a desired state.

Many solutions require attention from the caregiver rather than lessoning cognitive load.

Grouper alerts users in an attempt to reduce the attention required to keep a group to-

gether.

2.3.2 Related Hardware

The advent of the LilyPad Arduino has made the development of wearable devices

much easier [22, 23]. Many projects have been developed using the LilyPad toolkit. Figure

2.4 shows a small sample of projects using LilyPad hardware [24]. Figure 2.4(a) shows the

Reading Glove built by Karen and Josh Tenanbaum of Simon Frasier University. The glove

provides interaction for story-telling when a reader picks up an object [115]. Figure 2.4(b)

shows a dress, which is part of Spin on a Waltz. It, along with a suit jacket, were built

by Ambreen Hussain for Viennese waltzers to control music interactively [55]. Lastly, Fig.

2.4(c) shows the LED Turn Signal Jacket built by Leah Buechley [20] of MIT Media Lab.
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(a) Reading Glove [115] (b) Spin on a Waltz [55] (c) LED Turn Signal Jacket [20]

Figure 2.4: Various projects using the LilyPad toolkit built by different groups. a) The
Reading Glove was built by Karen and Josh Tenanbaum. b) Spin on a Waltz is a dress and
suit built by Ambreen Hussain. c) The LED Turn Signal Jacket was built by Leah Buechley.

The jacket lights up when a user presses a button and indicate the direction of turning.
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Chapter 3

RELATED WORK

The work in this thesis draws from many areas with a focus on consensus and coordi-

nation. For both scalar and graph estimation, we aim to estimate an unobservable quantity

using local communication and agree upon that quantity. We discuss the notions of dis-

tributed estimation and distributed control and how they are used in this thesis. Lastly,

we discuss sensor networks and ubiquitous computing, which are most related to graph

consensus.

3.1 Consensus and Coordination

Consensus literature includes multi-agent phenomena from flocking birds to swarming

robots [86, 25, 97, 81]. The end goal is for all agents is to reach agreement using local in-

teraction. Olfati-Saber et al. [86] and Mesbahi and Egerstedt [81] present a comprehensive

review of recent literature.

Our work is an extension of Linear Average Consensus (LAC), where agents come to

agreement by averaging state. In fact LAC is a special case for our two algorithms IBC and

FFC. LAC is governed by Laplacian dynamics, which can be used to describe the evolution

of the agreement values and is detailed in Ch. 4.

We model our systems as randomly interacting particles whose interactions yield ran-

dom graphs. Hatano and Mesbahi [47] consider consensus over random graphs and ex-

amine the convergence of the first and second moment. We use a similar approach and

provide an alternate proof of convergence. Jadbabaie et al. [58] consider a switching graph

and prove convergence by examining the the union of graphs. Our work involves tracking

of a quantity that is the average of the agents’ discrete states. Spanos et al. [111] examines

tracking in a network that splits and merges; subnetworks of agents come to consensus

on their initial conditions. Tsitsiklis [119] addresses consensus with an exogenous mea-
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surement. Input consensus is also examined in Mesbahi and Egerstedt’s text [81]. Systems

with input and output agreement generate standard linear time invariant systems. Zhu

and Martı́nez [136] present a discrete-time dynamic average consensus problem and track

a time-varying function.

Much of the consensus literature is framed in the context of graph theory [43], intro-

duced in Ch. 4. Graph representations of multi-agent systems are widely used for mod-

eling information flow, communication, and sensor topology. Agents often use averaging

to reach agreement on the state of the system. In our work, we form graph estimates by

weighing information unequally based on perspective. Nodes reach agreement on graph

connectivity and on the graph itself.

3.2 Distributed Estimation

The field of distributed systems has its foundations in computer science [74] and eco-

nomics; the subject has broadened to include many applications and the terms. Thus,

distributed and decentralized estimation have evolved many meanings in the literature.

Often the terms refer to sensing and sensor fusion [111, 131], where agents may indepen-

dently perform Kalman filtering to fuse measurements [85]. Alternatively, it refers to es-

timation of state variables in noisy processes using maximum likelihood state estimation

[118].

In this thesis, distributed estimation refers to agents in a network, which each have a

measurement of the global state that is updated by an algorithm that uses local informa-

tion. The agents estimate the state for a process that evolves deterministically, according

to stochastically chosen partners. Specifically, distributed estimation refers to agents in a

network each having a measurement of the population fraction; the estimate gets updated

through local interactions. The work in this thesis is most closely related to linear average

consensus [129, 119] and it behaves like gossip networks [18].

We developed algorithms that incorporate information from distributed estimation and

control our using stochastic self-assignment. Input-Based Consensus and Feed-Forward

Consensus are methods for performing distributed estimation. An agent uses information
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gathered by local interactions to perform decentralized control and drive the global system

to a desired state.

3.3 Decentralized Control

In the context of multi-robot systems, we consider decentralized control as task assign-

ment instead of navigation, mapping, or position control as in other applications. Task

assignment refers to which robots should do a particular task and task allocation refers to

deciding how many robots should do a particular task. On a small scale, groups of agents

can be divided into teams and controlled centrally. On a larger scale, we allow the agents

to assign themselves to tasks based on local measurements and switch these tasks stochas-

tically. We believe that adding randomness to the system results in robustness. Our work

provides a framework for task assignment in large stochastic systems and environments

with unknown or unforeseen disturbances.

3.3.1 Task Assignment

Again, we are inspired by biological systems where ants and bees use stigmergy and quo-

rum sensing to address task assignment and allocation. Stigmergy is a mechanism for indi-

rect communication where an agent alters the environment, such as leaving a pheromone,

to affect the behavior of other agents in a system. Quorum sensing, is a mechanism of agree-

ment in organisms from bacteria [14] to ants [92]. Using these two mechanisms, members

of swarms are recruited to perform tasks. When necessary, agents switch tasks stochasti-

cally. This kind of behavior is observed in how bees choose between foraging for nectar or

honey [105] or how ants choose a new home [92]. Task assignment and allocation observed

in nature has provided insight to designing algorithms for robots.

In the survey paper by Baghaei et al. [11], the authors describe different architectures for

robot cooperation and categorize the types of tasks that can be addressed by multi-agent

systems. One of the framework for robotic cooperation is a team, such as in robot soccer,

where robots play in positions and switch roles throughout a game [113]. In small groups,

agents maintain a model of other agents and the system as a whole. This is unfeasible for
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larger groups; specifically, since communication does not scale.

3.3.2 Task Allocation

Task allocation is divided into three categories: behavior-based, auction-based, and

dynamic switching. Behavior-based algorithms are ones where agents have minimal state

and sensor measurements are coupled to robot control. Behavior-based task allocation

have been extensively studied by Matarić et al. [41, 76, 127] and Parker [73]. In Parker’s

work [73], robots are governed by motivation for every set of behaviors. Motivation is

affected by sensory feedback, inter-robot communication, inhibitory feedback from other

active behaviors, and internal motivations called robot impatience and robot acquiescence.

Auction-based algorithms define a utility function for a specific robot to complete a

task. These allocations are optimized using a greedy algorithm and market strategies [40,

137, 30] and leverages the formalism of economics. Agents communicate to an auction-

eer (decentralized and centralized algorithms exist) and the tasks are assigned to bidders.

These algorithms require complicated arbitration and thus does not scale well with the

number of robots.

The work in this thesis is closely related to dynamic task switching. Here, agents are

initially assigned states, tasks, or roles, and switch according to sensor measurements.

Several works examine dynamic switching as agents are deployed to various sites, simu-

lating ant house hunting in nature [46, 17]. McLurkin et. al. [80] describes several task

distributed assignment algorithms including, random assignment, all-to-all communica-

tion of full-state information, sequential assignment, and tree assignment. However, these

works do not examine the robustness of their algorithms.

3.4 Sensor Networks

Our testbed Grouper (introduced in Ch. 2) is an example of a wireless sensor network

[5, 93]. Puccinelli et al. [93] present a survey paper of wireless sensor networks (WSNs)

and address applications, existing systems, hardware design, and desirable characteristics.

Wireless sensor networks lend themselves to distributed data collection and are often de-
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ployed for long-term environment monitoring [75, 49]. In many wireless sensor networks,

nodes are stationary and take data about the environment, sending data as infrequently as

possible to conserve power.

In contrast, mobile sensor networks are generally mobile and may send data frequently;

energy becomes a challenge. Grouper is an example of a mobile network that broadcasts

frequently to maintain graph connectivity. Grouper is mobile ad hoc network (MANET)

[103, 78]: a self-configuring wireless network that does not require any infrastructure. Ze-

bra Net [60] is a tracking system for zebras and is comprised of a dynamic sensor network

and a mobile base station. Nodes send information about their location peer-to-peer so

that researchers can download data by encountering a few agents instead of the whole

herd. Researchers modeling cow movements [104] developed a data-driven model to de-

rive herd dynamics.

In addition to sending messages, Grouper uses a radio to sense proximity using Re-

ceived Signal Strength Indicator (RSSI) of packets. This is not an uncommon usage for

wireless radios [16, 2, 8] and RSSI measurements can be used for localization [6, 9, 110].

However, it is still debated whether RSSI is a good measure of proximity [112, 16, 135]. For

instance, Benkić et al. characterize RSSI indoors and conclude it to be a poor distance esti-

mator. In Sec. 7.6, we characterize RSSI as a function of distance for several environments.

3.5 Ubiquitous Computing

Ubiquitous computing, or ubicomp, is a model of interaction where there are many

computers for a single user. Mark Weiser imagined a world where computers are inte-

grated seamlessly to assist people: computers everywhere that provided a sense of order

instead of sensory overload [125]. Abowd et al. [3] examine a brief history of ubicomp

in the context of natural interfaces, context-aware computing, and automated capture and

access. The concerns of ubicomp with the respect of scalability is similar to those in dis-

tributed robotics, especially modular robotics. Both require low-cost hardware; ubicomp

aims to put computers everywhere and modular robotics aims to reconfigure robots into

anything. In Ubicomp, computers are placed everywhere by augmenting the environment
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or instrumenting users. One way to instrument users is to create wearable devices.

3.5.1 Wearable Computing

Many researchers are finding ways of incorporating sensors and microprocessors into

novel applications [84, 71]. Biosensors have been integrated into clothing to aid healthcare

and military applications [132]. Much of the work in wearable computing have been used

for identifying patterns in social interactions. For example, there are various intelligent

badges that track user interactions [62, 124, 122, 87]. The contribution of this thesis is to

observe a network and also aid in controlling the group.
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Chapter 4

MATHEMATICAL PRELIMINARIES

4.1 Notation

First, consider a set of n robots and each robot i has a discrete internal state qi(t) 2 {0, 1}.

Define the population fraction as

x(t) , 1
n

n

Â
i=1

qi(t). (4.1)

Each robot also maintains an estimate x̂i(t) 2 [0, 1] of the population fraction x(t). It is

assumed that each robot knows the value of n. The vector q = (q1 . . . qn)T is the vector of

internal states and x̂ = (x̂1 . . . x̂n)T is the vector of estimates. For simplicity, we often omit

the explicit dependency of x, x̂, and q, on t. In the sequel, the symbol h·i denotes expected

value and 1 = (1, . . . 1)T . Table 4.3.1 is included at the end of the chapter to introduce

notation used in this thesis.

 0.7 

 0.1 

 0.6 

(a) Initial state

0.9 

(b) Correct estimate

0.5 

(c) Desired state

Figure 4.1: Definitions illustrated with the PPT. In this example, the reference population
fraction is 0.5. (a) Initial condition with incorrect estimates and states. (b) The correct
estimate of the population fraction has been reached and the robots agree on this estimate.
(c) Robots have assigned themselves to the desired population fraction.

For scalar estimation, each robot is given a state of q = 0 or q = 1 and switch between

them. In Fig. 4.1, the states are indicated by shading (light or dark). The population frac-

tion is the proportion of light parts to the total number in the system. Figure 4.1 illustrates
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the parts initially (a) with arbitrary estimates (thought bubbles) and states and (c) arriving

at the desired reference. While conceived for the PPT, these terms can be defined similarly

for the SwarmBot testbeds.

4.2 Consensus and Graph Theory

Consensus in multi-agent systems is used to describe phenomena from flocking birds

to robots [86, 95, 25, 36]. A common task is to compute the average of the agents’ initial

states. The end goal for measurements to agree across agents. That is,

x1 = x2 = ... = xn

at equilibrium. Much of the consensus literature is framed in the context of graph theory

[43]. Graph representations of multi-agent systems are widely used for modeling informa-

tion, communication, and sensor topology. A graph G consists of a pair (V , E ), of vertices

and edges. Here, the adjacency matrix A is defined for an undirected graph where entries

(i, j) and (j, i) are denoted 1 if vertices i and j are connected. The degree matrix D counts

the number of edges at each vertex. The Laplacian matrix is defined as L = D� A.

To reach agreement in a distributed manner, the approach taken frequently in the liter-

ature is for each agent i to maintain a state variable, xi , which is updated when interacting

with neighboring agents

ẋi = Â
j2Ni(t)

fi(xi, xj). (4.2)

A node j where j2Ni(t) is in the neighborhood of agent i; agent i has access to state xj. Note

that the neighbor set Ni may vary with time. For fk(xi, xj) = xj � xi, the dynamics of the

agents can be collective written as

ẋ = �Lx, (4.3)

where x is a vector of states. The system is said to obey Laplacian dynamics.

When the output of the update rule, fi, is a linear combination of the input, the resulting

protocol is referred to as Linear Average Consensus (LAC). The desired agreement value can

be any convex combination of the initial states. Using LAC, agents compute the average
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of the initial global state. LAC has is constrained that the sum of initial conditions, Âi y0
i ,

must be constant for all time, where y0
i is the initial value for robot i. If messages are ever

lost, the global sum changes, so using LAC will not result in convergence to the correct

value.

4.3 Stochastic Processes

The PPT [63] is designed to implement a chemical reaction, so it is natural to model it

as a stochastic process. We also model the SwarmBot testbed as a stochastic process and

design their behavior to induce random interactions. For the scalar estimation algorithms,

we assume that the robots are well-mixed, any pair of robots interact uniformly on [0, dt].

Later, we add control to switch robots between states at a stochastic rate.

4.3.1 Stochastic Hybrid Systems

We approximate each of our scalar estimation systems as a continuous-time Markov

process [26, 106]. Each agent performs deterministic state updates at random times and

can be described using Stochastic Hybrid System (SHS) formalism [48]. A SHS consists of

a set of discrete and continuous states governed by a state-dependent stochastic differential

equation and reset map.

Formally, the state space is expressed as X⇥Q, where X denotes the continuous states

and Q denotes the discrete states. Each discrete state is governed by continuous dynamics.

A SHS is defined by a stochastic differential equation, or called flow,

ẋ = f (q, x), f : X⇥Q! X

and discrete reset maps

(q, x) = fl(q�, x�), fl : X⇥Q! X⇥Q

with associated rates ll(x, q) : X ⇥ Q ! [0, •). The reset map f determines the state to

which the process jumps from state (q�, x�). The rate ll(x, q) is a probability that the
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process transitions during [t, t + d].

Example:

d
dt
x = f x,q1( )
q = q1

x,q1( )!! x,q1( )
! x,q1( )

d
dt
x = f x,q2( )
q = q2

Figure 4.2: Example SHS. Each state is labeled by the discrete state and continuous dynam-
ics. State transitions are labeled by the update f at rate l.

Figure 4.2 is an example of a SHS. Each state is labeled by the discrete state and contin-

uous dynamics:

d
dt

x =

8
<

:
f (x, q1) q = q1

f (x, q2) q = q2,
(4.4)

which are state depedent. There is one state transition between q1 to q2, which is labeled

by the update

(x, q1) 7! f(x, q1), l(x, q1)

at rate l(x, q1).

To reason about the dynamic behavior of a SHS, we use the following theorem about

the extended generator L, a partial differential equation describing the dynamics of the

expected value of arbitrary test functions y(x, q). The extended generator L is an operator

on an arbitrary test function y(x, q) given by

Ly(x, q) =
∂y(x, q)

∂x
f (x, q) +

∂y(x, q)
∂t

+ Â
l

ll(x, q)
(

y
(

fl (x, q
))

� y
(

x, q
))

, (4.5)

where fl is the function for a particular change of state l, and ll is the associated rate. The

complete formalism [48] includes noise, but we omit it here as it is not applicable to our
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systems. Our systems have neither continuous flow (ẋ = 0) nor time dependence, so we

use the simplified extended generator L with only discrete dynamics

Ly(x, q) = Â
l

ll(x, q)
(

y
(

fl (x, q
))

� y
(

x, q
))

, (4.6)

We use this theorem below to reason about the dynamics of our probabilistic systems.

Theorem 1 [48] Let y : Rn ! Rm be an arbitrary function. Then

d
dt
hy(x)i = hLy(x)i. (4.7)

Theorem (4.7) is used to examine the dynamics of the expected value. The simplified

extended generator (4.6) can be derived by taking the expected value of the master equa-

tion [61]. A master equation is a set of differential equations that describe the dynamics

of a probability mass function. In our work, we derive moment dynamics using both the

master equation [107] and the extended generator [108, 106].

For a process (Y, t), the change in probability can be expressed as a master equation

d
dt

P(y, t) =
Z

W(y|y0)P(y0, t)�W(y0|y)P(y, t)dy0,

where W(y|y0) is the probability that the system transitions to y in time t + dt given that

state is y0 at time t. The first term in the integral refers to the transitions going into the state

and the second refers to the transitions leaving.

For a discrete-state Markov process that transitions from state l to m, the probability

that the process is in state l is given by

dPl
dt

= Â
l

(

WlmPm �Wml Pl) (4.8)

where Wlm is the transition intensity to state l from m and Pl is the probability of the process

being in state l. Similar terms are named accordingly. Written as matrices, (4.8) can be
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written as the dynamics of an arbitrary probability mass function are given by

d
dt

p = W p, (4.9)

where p, where p = (p1 p2 . . . pm)T. Equation (4.8) is called the master equation and W is the

infinitesimal generator for a discrete Markov process. We can use the master equation (4.9)

to calculate the change in expected value

d
dt
hpi = hW pi. (4.10)

Note the similarity between (4.7) and (4.10).
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t, t�/t+ time, time immediately before/after interaction
n number of agents
i, j agent indices
Ni neighborhood of agent i
h·i expected value
1 vector of 1s✓

n
2

◆
n(n�1)

2

⌦ Kronecker product
I identity matrix
A adjacency matrix
D degree matrix
L Laplacian matrix
M(i, j) indices (i, j) for matrix M
vec(·) vector representation of a matrix
X continuous state space
Q discrete state space
f continuous function
L extended generator
l, m reaction or state index
fl discrete update function for reaction l
ll rate for associated for reaction l
y(x, q) arbitrary test function
x population fraction (global state)
qi agent discrete state
x̂i agent estimate of population fraction
z consensus parameter
k natural reaction rate, estimator rate
Ki controller rate for agent i
g fraction of successful messages
Aij, Bij weight matrices for interaction between agents i, j
Ciji, Diji weight matrices for interaction between agents i, j; agent i

drops a message
e edge e = (i, j, rssiij, ageij) 2 E;

data for edge between agents i and j
Ei(j, k) edge between agents j and k from the point of view of agent i

Table 4.1: Notation table.
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Chapter 5

INPUT-BASED CONSENSUS

5.1 Problem Statement

We consider a kind of consensus problem motivated by the self-assembly of simple

robotic parts [63] into a larger structure. To maximize the yield of a target structure A

it may be useful to balance the ratio of its subcomponents B and C. In this chapter, we

capture the essence of this problem using a population of stochastically interacting robots.

Each robot has a discrete state that is either zero or one and, by switching between these

values, they can control the proportion of robots in each state. This proportion is called

the population fraction and represents the global state of the system. Each robot estimates

the population fraction so changing its discrete state to drive the population fraction to a

reference state.

Consider a set of n robots where each robot i has a discrete internal state, qi(t) 2 {0, 1}.

Recall that the population fraction x(t) in (4.1) x(t) the mean of discrete states q. Each robot

also maintains an estimate x̂i(t) 2 [0, 1] of x(t). We assume that the robots are well-mixed;

that is, the pair of agents that interacts at any time is uniformly distributed. From this well-

mixed assumption, any pair of robots is equally likely to interact in the next dt seconds with

probability k dt.

When two robots i and j interact, they update their estimates x̂i and x̂j according to

function f . We present three problems:

1) The estimation problem: Define an estimate update (x̂i, x̂j) 7! f (x̂i, qi, x̂j, qj) so that x̂i(t)

converges to the population fraction x(t), with high probability as t! •.

2)The control problem: Define a rate Ki(x, q) for each agent that governs switching between

states q = 0 and q = 1.

3) The simultaneous estimator and controller problem: Demonstrate that the solution to the

control problem runs concurrently with the estimator. That is, use the estimate for switch-
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ing rate K(x̂, q) to drive the system to the reference.

In this chapter, we introduce our estimation algorithm referred to as Input-Based Con-

sensus (IBC), prove the convergence for the estimator and controller separately, and demon-

strate them together in simulation. Later, we also examine the robustness of IBC to dropped

messages and extend it to multiple states.

5.2 Algorithm

We first consider the estimation problem: robots update their estimates for constant

discrete states. Robots i and j interact at time t and update their estimates according to

x̂i(t+) = z
�
ax̂i(t�) + (1� a)x̂j(t�)

�
+ (1� z)

� 1
n qi + n�1

n qj
�

x̂j(t+) = z
�
(1� a)x̂i(t�) + ax̂j(t�)

�
+ (1� z)

� n�1
n qi + 1

n qj
�

x̂l(t+) = x̂l(t�) for all l 6= i, j.

(5.1)

Here, a, z 2 (0, 1) are design parameters. The parameter a weighs the relative importance

of estimates x̂i and x̂j. The parameter z is the consensus parameter and weighs the relative

importance of estimates and discrete states. We call z the consensus parameter because

our algorithm IBC reduced to Linear Average Consensus (LAC), introduced in Ch. 4 when

z = 1. The parameter 1
n weighs a robot’s contribution of discrete state to the rest of the

population. It is assumed that each robot knows the value of n. The symbols t� and t+

denote the times immediately before and after the interaction, respectively. The last line of

the above update rule represents the fact that robots not participating in the interaction do

not update their estimates.

We can write this update as matrices, for an example in which robots 1 and 2 interact

within a system of three robots:

x̂(t+) = z

0

BBB@

a 1� a 0

1� a a 0

0 0 1
z

1

CCCA
x̂(t�) + (1� z)

0

BBB@

1
n

n�1
n 0

n�1
n

1
n 0

0 0 0

1

CCCA
q,

or x̂(t+) = z A12 x̂(t�) + (1� z)B12q, (5.2)
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d
dt
x̂i = 0

qik

x̂i ! f x̂i,qi, x̂ j,qj( )
Figure 5.1: SHS model of estimation problem from the point of view of robot i. Robots i
and j interact at rate k, as denoted by the blue arrow. Estimate x̂i is updated as a function
of estimates x̂i, x̂j and constant discrete states qi, qj.

where A12 denotes the adjacency matrix for an interaction between robots 1 and 2. Gener-

ally, matrices Aij and Bij for robots i and j are defined as follows:

Aij(i, i) = Aij(j, j) = a Bij(i, i) = Bij(j, j) = 1
n

Aij(i, j) = Aij(j, i) = 1� a Bij(i, j) = Bij(j, i) = n�1
n ,

Aij(l, l) = 1
z

(5.3)

where (i, j) indicate matrix indices and all remaining matrix entries are 0 and l 6= i, j. Each

reaction corresponds with update matrices Aij and Bij.

5.3 Model

We model our system as a SHS, as introduced in Ch. 4, and show this formalism for a

robot i. Recall that a SHS comprises of continuous and discrete dynamics. In our system,

the estimate x̂ evolves only by discrete jumps. Thus, there is no continuous flow, so d
dt x̂ = 0

for all agents i. At rate k robot i interacts with robot j and updates its estimate x̂i as a

function of estimates x̂i, x̂j and constant discrete states qi, qj.

5.4 Analysis

5.4.1 First Moment Dynamics

We can derive the dynamics for the moments of the estimate and discrete value. Be-

cause there are only discrete dynamics and no flow, substituting the definition of the ex-
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tended generator function (4.6) into Thm. 1 (4.7) gives

d
dt
hy(x̂)i =

*
k

 

Â
i<j

y(fi,j(x̂))� y(x̂)

!+
,

where the indices i < j refer to the possible interactions between robots i and j, y(x̂) is an

arbitrary test function, and fi,j is the mapping after a state transition. Since we are inter-

ested in the behavior of the estimate, we choose the test function y(x̂) = x̂. The dynamics

of the expected value of the estimate vector hxi

d
dt
hx̂i = k

* 
z Â

i<j
Aij �

✓
n
2

◆
I

!
x̂ + (1� z)Â

i<j
Bijq

+
, (5.4)

where
✓

n
2

◆
=

n(n� 1)
2

.

To simplify (5.4), define

A , Â
i<j

Aij and B , Â
i<j

Bij.

The matrix A can be derived as follows:

A =


(n� 1)a +
✓✓

n
2

◆
� (n� 1)

◆
1
z

�
I + (1� a)

⇣
11T � I

⌘
.

The diagonal terms of A represent the n� 1 interactions for agent i weighted a added to

the
✓

n
2

◆
� (n� 1) of non-interactions weighted 1

z . The off-diagonal terms for A are 1� a.

The entries for B can be similarly derived. It can be shown that

A = (n� 1)
✓

a +
n� 2

2z

◆
+ a� 1)I + (1� a)11T (5.5)

B =
n� 1

n
11T . (5.6)

Therefore, equation (5.4) becomes

d
dt
hx̂i = k

✓
z A�

✓
n
2

◆
I
◆
hx̂i + (1� z)Bq

�
. (5.7)
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Since we are interested in the equilibrium solution, for estimator dynamics (5.4) we set

(5.7) to zero so that d
dt hx̂i = 0. The equilibrium solution is

hx̂i⇤ = �(1� z)H�1Bq, (5.8)

where

H , zA�
✓

n
2

◆
I (5.9)

Theorem 2 The unique fixed point of the estimator is

hx̂i⇤ = x1. (5.10)

The estimates converge to the population fraction for constant discrete states.

Proof: A. First moment equilibrium solution

We show that (5.10) is an equilibrium solution for the first moment dynamics (5.4). It is

equivalent to show

H(x1) = (1� z)Bq. (5.11)

We show that (5.11) is true by substituting the definitions of A (5.5), B (5.6), and x (4.1).

⌅
Proof: B. Uniqueness for Equilibrium Solution

To prove that (5.10) is a unique solution, we show that H (5.9) is invertible in the pa-

rameter region of interest. The matrix H is singular when

H = u11T and H = �(n� 1)I + (11T � I),

where the eigenvalues are

v = 0 and u = 1, v = �n.

The values that make v = 0 are n = 1, which is a trivial estimation problem, and za = �1,

which is not allowable by our parameter choices. To examine the second condition for

singularity, we compute H1 = (n � 1)(1� z)1. This is true when v = �n and u = 1, the
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parameter z = 1, which we already know reduces to the traditional consensus case and

doesn’t converge to our desired fixed point. Thus, H is invertible in the parameter region

of interest. ⌅

Theorem 3 The fixed point hxi⇤ = x1 is stable.

Proof: By (5.7), it suffices to show that H is negative semi-definite. Note that each term in

the sum A = Â
�

Aij � I
�

has the same eigenvalues since the Aij matrices are permutations

of each other. To show that Aij � I has negative eigenvalues it suffices to show that the

eigenvalues of Aij are less than 1. Thus without loss of generality we can examine

A12 =

0

BBB@

v u

u v
0

0 I

1

CCCA
,

whose eigenvalues are {1, v� u, v + u}. The eigenvalue 1 has multiplicity n� 2. Finally, all

eigenvalues are less than or equal to 1, based on our assumptions on a and z . ⌅

5.4.2 Second Moment Dynamics

Similarly, we derive the dynamics for the second moment hx̂x̂Ti. Using the extended

generator L (4.6) gives

d
dt
hx̂x̂Ti = k

*

Â
i<j

�
Cij x̂ + Dijq

� �
Cij x̂ + Dijq

�T
+
� k

✓
n
2

◆
hx̂x̂Ti (5.12)

where Cij = z Aij and Dij = (1� z)Bij. The second moment dynamics can be expressed as

d
dt

vec(hx̂x̂Ti) = k Â
i<j

h
Cij ⌦ Cij vec(hx̂x̂Ti) + Cij ⌦ Dij vec(qhxTi)

+ Dij ⌦ Cij vec(hxiqT) + Dij ⌦ Dij vec(qqT)
i
� k

✓
n
2

◆
vec(hx̂x̂Ti)

where ⌦ is the Kronecker product and vec(·) is the vector representation of a matrix where

matrix columns are concatenated vertically.
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The equilibrium value of the second moment is a tedious function of x̂ and q and the

parameters z, a, and n. However, a simple expression for the equilibrium can be obtained

when z = 1, which corresponds to linear average consensus. Our argument amounts to an

alternative proof that LAC consensus in this setting converges to the average of the initial

conditions of the estimates with probability one. Said differently, when z = 1 the variance

at equilibrium is 0 (even if the estimates do not equal the population fraction).

When z = 1, the expression for the second moment dynamics reduces to

d
dt
hx̂x̂Ti = Â

i<j
Aijhx̂x̂TiAij. (5.13)

Setting the derivative to zero and solving for hx̂x̂Ti yields hx̂x̂Ti = w11T where w is a scalar.

Now, define

V = 1Thx̂x̂Ti1.

Multiplying (5.13) by 1T on the left and by 1 on the right, noting that 1T Aij = 1T, and noting

that Aij1 = 1 shows that d
dt V = 0.

Now, initially hx̂x̂Ti = x̂(0)x̂T(0) (i.e. the variances are zero initially since we start with

deterministic values for x̂). Thus, V⇤ = V(0). Also, the equilibrium value for hx̂i (only

when z = 1) is

h , 1
n

1Tx(0)

so that V(0) = 1T x̂(0)x̂T(0)1 = h2n2. Thus, writing out V(0) = V⇤ we have

h2n2 = wn2

so that w = h2. Thus, the covariance matrix at equilibrium is

C = hx̂x̂Ti⇤ � hx̂i⇤hx̂Ti⇤ = w11T � h211T = 0.

It is also evident that as z decreases, the variances increases with the correct expected

value of the estimate. This is illustrated in Fig. 5.2 where the estimator tracks a changing
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population fraction x(t). When z = 1, the estimator cannot track the changing value but

converges with zero variance. When z < 1, the estimate can track x(t), but with a non-zero

variance at steady state.

Theorem 4 The equilibrium of the second moment dynamics is stable.

Since we consider q to be constant, we examine the following matrix to determine sta-

bility of hx̂x̂Ti:

M , kÂ
i<j

Aij ⌦ Aij � k
✓

n
2

◆
I = kÂ

i<j
(Aij ⌦ Aij � I).

Call li the eigenvalues of A and µi the eigenvalues of B. Then the eigenvalues of

A⌦ B = liµi. We showed in Theorem 3 that the eigenvalues of Aij were {1, v� u, v + u}.

Thus, the eigenvalues Aij ⌦ Aij are {1, v� u, v + u, (v� u)2, (v� u)(v + u), (v + u)2}, which

are all less than 1, based on our assumptions on a and z.

As in the proof for Theorem 3 each term in this sum is symmetric and negative semi-

definite, from which it can be concluded that M itself is negative semi-definite.

5.4.3 Simulation Results

We demonstrate the algorithm by directly simulating the system using the Stochastic

Simulation Algorithm [42]. Figure 5.2 shows simulations of the estimator with various pa-

rameters. Note that when z = 0 our formulation is reduced to LAC, as seen in Fig.5.2(a).

Choice of parameter affects the rate of convergence rate and variance. We also verified

these results experimentally.

Figures 5.2(a), 5.2(b), and 5.2(c) show a step change of the discrete states from a popu-

lation fraction of 3
7 to 4

7 indicated in green. The purple regions indicate the mean plotted

with a standard deviation window. The blue lines indicate single estimate trajectories. Fig-

ures 5.2(d), 5.2(e), and 5.2(f) depict histograms for the plots above and the correct state is

plotted as a dotted blue line. Figure 5.2(a) shows IBC with z = 1, where the estimator does

not not track the population fraction. Figure 5.2(d) shows the histogram of the estimates

converging with zero variance to the average of initial states but unable to track the new

average. Figure 5.2(b) shows IBC with z = 0.9, where the estimator tracks the population
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(a) Average behavior, z = 1 (b) Average behavior, z = 0.9 (c) Average behavior, z = 0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Histogram of Estimate, 1 run, 700 samples

F
r
e
q
u
e
n
c
y

o
f

E
s
t
i
m

a
t
e

Estimate

(d) Histogram, z = 1
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(e) Histogram, z = 0.9
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(f) Histogram, z = 0.5

Figure 5.2: Comparison of simulated data with varying consensus parameter z for 7
robots. Figures 5.2(a), 5.2(b), and 5.2(c) show a step change of the discrete states from a
population fraction of 3

7 to 4
7 indicated in green. Figures 5.2(d), 5.2(e), and 5.2(f) depict

histograms for the plots above and the correct state is plotted as a dotted blue line.
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(a) Photo of the Programmable
Parts

(b) Photo of Programmable Parts
with LEDs indicating estimates.
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(c) Experimental Results.

Figure 5.3: Experimental setup for the Programmable Parts Testbed. a) PPT with lights
on. b) PPT with LEDs indicating state. c) Estimate data collected on PPT.

fraction change. Figure 5.2(e) shows the estimate centered about the population fraction at

the end of the simulation with a finite variance. Figure 5.2(c) shows IBC with z = 0.5. It

converges faster than the case where z = 0.9 (Fig.5.2(b)), but with a higher variance as seen

when comparing Fig. 5.2(e) with Fig. 5.2(f).

5.4.4 Experimental Results

The PPT has been adapted to make internal estimation states observable by an over-

head camera. Each robot computes its estimate with 7-bit accuracy and displays it as a

5-bit number using LEDs. Each robot has a bright blue LED in its center and a green LED

to indicate the lowest bit of the estimate, and continuing clockwise to indicate the binary

estimate. The estimates indicated by the LEDs were automatically extracted from images

using MATLAB. The robots display a quantization error of 2�7 in Figure 5.3(c), caused by

the discretization of the measurement (output LEDs).

Fig 5.3(a) shows the robots and Fig. 5.3(b) shows the lighting conditions for runs. On

each robot the blue LED points to the lowest significant bit to indicate a binary estimate.

Figure 5.3(c) shows experimental data on PPT. Each line represents a run with all estimates

averaged together. (Current setup does not allow for individual tracking). The red dashed

line indicates the average discrete state in all runs. The parameters for these runs are z = 0.8



35

and a = 0.5. The runs are fairly accurate given the quantization.

In this section, we introduced the estimation problem and introduce IBC. The estimator

was analyzed and proven to converge to the population fraction. The estimator was then

demonstrated in simulation and experimentation.

5.5 Distributed Control of Stoichiometry

We now address the control problem discussed in the problem statement (Sec. 5.1). We

define a rate at which the robots flip their discrete states from 0 to 1 and vice versa so that (a)

the population fraction x(t) approaches the reference r and (b) the robots eventually stop

switching. For now we assume that the robots have perfect knowledge of x(t). Later, we

replace this knowledge with the estimated value computed in the previous section. The

update rule for robot i when changing its discrete state is simply

qi(t+) = 1� qi(t�). (5.14)

There are many possible control schemes. Here is a simple one: robot i toggles its state

according to (5.14) at the rate

Ki , |qi � r||x̂i � r|. (5.15)

We choose rate Ki as this product so that robot i is in state qi = 1 for the fraction r of the

time. The second term in the product |x̂ � r| makes the rate Ki = 0 when the estimate of

the population fraction x̂ is equal to the reference r.

5.5.1 Model

We examine the convergence of our controller by examining it without the estimator.

Here, we assume that the controller has perfect knowledge of the population fraction x, so

let x̂i = x in (5.15). Figure 5.4 shows the model for the states of robot i.

We use a birth-death chain to describe robots switching between two states. Consider

the random variable N(t) = Ân
i=1

1
n qi(t). Define µi to be the rate at which N transitions from

N = i to N = i + 1. Similarly, let li dt to be the rate at which N transitions from N = i to
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Ki x,qi =1( )
qi ! 0

qi !1
Ki x,qi = 0( )

d
dt
x̂i = 0

qi =1

d
dt
x̂i = 0

qi = 0

Figure 5.4: State switching controller from the point of view of robot i. Robot i toggles it
state at rate Ki.
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Figure 5.5: Birth-death process. States are labeled N = nx, the number of robots with
discrete state 1. Rates µi indicate increases of this number while li indicate decreases.
Note that state nr is a sink state since rates µnr = lnr = 0.

N = i� 1. Then, we have a birth-death chain where

µi = i(1� r)
����

i
n
� r
���� and li = (n� i)r

����
i
n
� r
���� .

To understand the expression for µi note that when N(t) = i, there are i different robots

that can transition from 0 to 1 and they each do so at the same rate li = |qi� r||x� r|. Since

qi = 0 and x = i
n , this expression can be reduced to l = (1� r)

�� i
n � r

��. The expression for

µi is similar.

Now, choose r = n0/n for some 0  n0  n. Then µn0 = ln0 = 0 and the state n0 is

absorbing: all of the probability mass of N(t) eventually flows to n0. Since n0 = rn, x(t)
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approaches the reference r. This is illustrated in Fig. 5.5. In simulation, the system reaches

the sink state immediately, so we omit the results here.

5.6 Estimation and Control

We have shown that the estimator converges (proof, simulation, experiment) and that

the controller converges (proof), and now we address the simultaneous estimation and

controller problem by demonstrating that they converge in simulation. Using the estimator

for the controller gives control rate Ki = |qi� r||x̂i� r|, where the estimate of the population

fraction x̂i is used instead of perfect knowledge of the population fraction x. Figure 5.6

shows the model of the estimator and controller together.

d
dt
x̂i = 0

qi =1

d
dt
x̂i = 0

qi = 0

Ki x̂i,qi =1( )
qi ! 0

qi !1
Ki x̂i,qi = 0( )

x̂i ! f x̂i,qi, x̂ j,qj( )
k

k

x̂i ! f x̂i,qi, x̂ j,qj( )

Figure 5.6: Estimator and controller combined. Estimator events are shown in blue and
controller events are shown in red.

We simulate the combined system and show the results in Fig 5.7. Figure 5.7(a) shows

of 50 runs with 10 robots with parameters z = 0.9 and a = 0.9. The red dashed line is the

reference (r = 0.2), the green line indicates the average of discrete states x, the blue line

is the average of estimates over all robots. Figure 5.7(b) plots the controller rate Ki as a

function of time. The control effort decreases over time, but does not stop like the perfect

controller. Figure 5.7(c) shows a histogram for 50 runs for the last hundred timesteps over

all runs with the peak about the reference.
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Figure 5.7: Controller with estimator. a) Estimate trajectory averaged over 10 runs. b)
Controller rate Ki decreases as a function of time

5.7 Robustness to Dropped Messages

Agreement algorithms are widely used on multi-agent systems to diffuse information

and combine local measurements of a global quality. An example of this type of algorithm

is LAC [86], in which agents compute the global mean of a locally measured quantity by

repeatedly computing pairwise averages between agents. Assuming no communications

messages are lost and no part of the system is disconnected indefinitely, each agent’s local

estimate will converge to the global mean. Agents are in agreement when the variance of

the estimates on between agents is small. However, in the presence of intermittent com-

munications failures, information about the global mean can be lost permanently, making

agreement to the correct global value impossible to reach.

In this section we extend IBC by examining the algorithm in the event of dropped mes-

sages; we demonstrate that the agents converge with bounded error. Second, we use LAC

as a benchmark and compare its performance via root mean square error. We compare the

two algorithms analytically, via simulation, and experimentally on a system of 20 mobile

robots.

5.7.1 Related Work

There is a great deal of literature on agreement in multi-agent systems and on stochas-

tic systems in general. We focus here on faulty agreement. Although LAC is not robust to
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message loss, we use it as a baseline because it is representative of a large class of consen-

sus algorithms; those in which agents converge to the convex combination of initial states

and a globally invariant quantity is maintained through local interactions. Olfati-Saber et

al. [86] refer to the class of algorithms with this invariance property as average-consensus

algorithms. To our knowledge, computing global averages is the simplest such consen-

sus application, thus, we found it suitable to use LAC to compute the global average as a

baseline for comparison.

Consensus problems have attracted the interest of many authors particularly under the

condition of faulty communication. Often, consensus is considered with additive noise

representing sensor error [96, 130, 53] and also as packet losses [52, 51]. Huang assumes an

observer under the event of a known packet loss [52]. Our work is similar to the latter, in

that we can also model packet loss as a Markov process. However, we assume that packet

losses are not observable.

Our experimental multi-robot system generates random graphs through the mobility

of the robots. We assume the system is well-mixed; that is, every agent is equally likely to

interact with any other agent in the system. Thus, we can associate a rate k for interactions,

where k dt is the probability in the next dt seconds of an event occurring.

However, in the presence of intermittent communications failures, information about

the global mean can be lost permanently, making agreement to the correct global value

impossible to reach. For robots i and j that interact and robot i drops a message, the update

function is

x̂i(t + 1) = x̂i(t)

x̂j(t + 1) = f (x̂j(t), qj, x̂i(t), qi)

x̂l(t + 1) = x̂l(t) for all l 6= i, j,

where f (x̂i(t), qi, x̂j(t), qj) is defined in (5.1). This results in the following update matrices

where
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Ciji(j, j) = a Diji(j, j) = 1
n

Ciji(j, i) = (1� a) Diji(j, i) = n�1
n

Ciji(i, i) = Ciji(l, l) = 1
z

(5.16)

for a message dropped by robot i, with all the remaining matrix entries 0. Note that matri-

ces Ciji and Dij are applied when a message dropped by robot i and matrices Cijj and Dijj

are applied when a message dropped by robot j. We introduce g to represent the fraction

of successful messages, which is uniform across all robots. For any interaction between

robots i and j where a message is dropped by robot i, we revise the estimator update rule

to be

x̂ = g
�
z Aij + (1� z)Bij

�
+ (1� g)

�
zCiji + (1� z)Diji

�
(5.17)

If we set g to zero, then we get standard IBC equation as before 5.2.

5.7.2 Moment Dynamics

Because the system is a stochastic process, we reason about the moments of the system,

particularly, the mean for the estimate x̂. The first moment of the estimator process is

examined by using the extended generator L in (4.7). Substituting our new update into

(4.7), gives

d
dt
hx̂i = gk

* 

Â
i<j

�
zAij � I

�
!

x̂ + (1� z)Â
i<j

Bijq

+

+ (1� g)k

* 

Â
i<j

Â
m2i,j

�
zCijm � I

�
!

x̂ + (1� z)Â
i<j

Â
m2i,j

Dijmq

+ (5.18)

where the indices i < j refer to the possible interactions between robots i and j. The

second sum where m 2 i, j indicates that either robot i or j can drop a message.

Equation (5.18) can be simplified as follows. Define

A , Â
i<j

Aij, B , Â
i<j

Bij,

C , Â
i<j

Ciji + Â
i<j

Cijj D , Â
i<j

Diji + Â
i<j

Dijj.
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For now, we consider the estimate independent from any changing discrete values and

thus, assume that the discrete state q is constant. Matrices A and B are defined in (5.5) and

(5.6), respectively. It can be shown that

C = A + 1
z

✓
n
2

◆
I.

D = B = n�1
n 11T.

(5.19)

Equation (5.18) reduces to (5.7). the same as IBC without dropped messages. This yields

the same desired equilibrium solution hx̂i⇤ = x1 for the first moment as above (5.10). Note

that as the consensus parameter z approaches 1, the variance decreases. This is observable

in our data.

5.7.3 Analysis

We numerically solve the differential equation (5.18) for the meanhx̂i and second mo-

ment hx̂x̂Ti for LAC and IBC for g = 0.5 and plot them in Fig 5.9. Figures 5.8(a) and 5.8(b)

show the analytical solutions for the expected value of the estimate for success fraction

g = 0.25. The standard deviation window around the mean is displayed in light purple.

The reference population fraction is plotted with a dashed green line. An example robot

trajectory for one experimental run is plotted in orange. Note that for LAC, Fig. 5.8(a),

the single trajectory converges to an incorrect steady state value, while the single robot for

IBC, Figure 5.8(b), oscillates about the correct value. These results are further supported

by simulation results.

Figure 5.8 shows the standard deviation at equilibrium of LAC to IBC as the function

of communications failures, 1� g. The numerical solutions are found at the steady-state

of the mean estimate dynamics (5.7) and the second moment dynamics. Effectively, this

evaluates the standard deviation across multiple executions of each algorithm, not within

a single run. Note that the standard deviation of IBC is almost unaffected by communica-

tions loss, but the standard deviation of LAC approaches the maximum value – the initial

conditions.

Both algorithms require pairwise updates between neighbors, which required a com-
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(a) Analytical solution (blue) of first moment dynamics of the
estimate with LAC parameters and standard deviation window
(purple) about the mean. Desired mean (green dashed) plotted
with experimental data for one robot (orange).
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(b) Simulated Data for 21 robots using LAC. The green dashed
line indicates the desired mean state. Light lines indicate indi-
vidual robot trajectories and the solid blue line is the average of
trajectories.
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(c) Experimental Data for 21 robots using LAC. The solid red
line indicates the desired mean state. Light lines indicate indi-
vidual robot trajectories and the solid blue line is the average of
trajectories.

Fig. 4. Analytical, simulated, and experimental data for LAC.
Analytical, simulated, and experimental data for LAC. Figure 4(a)
shows the analytical solution of the first moment dynamics of the
estimate. Figure 4(b) shows robots simulated using the Stochastic
Simulation Algorithm. Figure 4(c) shows data collected from the
Swarmbot testbed.
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(a) Analytical solution (blue) of first moment dynamics of the
estimate with IBC parameters and standard deviation window
(purple) about the mean. Desired mean (green dashed) plotted
with experimental data for one robot (orange).
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(b) Simulated Data for 20 robots using IBC. The green dashed
line indicates the desired mean state. Light lines indicate indi-
vidual robot trajectories and the solid blue line is the average of
trajectories.
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(c) Experimental Data for 20 robots using IBC. The red line indi-
cates the desired mean state. Light lines indicate individual robot
trajectories and the solid blue line is the average of trajectories.

Fig. 5. Analytical, simulated, and experimental data for IBC. Figure
5(a) shows the analytical solution of the first moment dynamics of
the estimate. Figure 5(b) shows robots simulated using the Stochastic
Simulation Algorithm. Figure 5(c) shows data collected from the
Swarmbot testbed.

1.0 

0.8 

0.6 

0.4 

0.2 

0 100 200 300 400 500
0

50

100

150

200

250

time

es
tim
at
e

(a) Analytical solution (blue) of first moment dynamics of the
estimate with IBC parameters and standard deviation window
(purple) about the mean. Desired mean (green dashed) plotted
with experimental data for one robot (orange).
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(b) Simulated Data for 20 robots using IBC. The green dashed
line indicates the desired mean state. Light lines indicate indi-
vidual robot trajectories and the solid blue line is the average of
trajectories.
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(c) Experimental Data for 20 robots using IBC. The red line indi-
cates the desired mean state. Light lines indicate individual robot
trajectories and the solid blue line is the average of trajectories.

Fig. 5. Analytical, simulated, and experimental data for IBC. Figure
5(a) shows the analytical solution of the first moment dynamics of
the estimate. Figure 5(b) shows robots simulated using the Stochastic
Simulation Algorithm. Figure 5(c) shows data collected from the
Swarmbot testbed.
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(a) LAC analytical solution.
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(a) Analytical solution (blue) of first moment dynamics of the
estimate with IBC parameters and standard deviation window
(purple) about the mean. Desired mean (green dashed) plotted
with experimental data for one robot (orange).
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(b) Simulated Data for 20 robots using IBC. The green dashed
line indicates the desired mean state. Light lines indicate indi-
vidual robot trajectories and the solid blue line is the average of
trajectories.
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(c) Experimental Data for 20 robots using IBC. The red line indi-
cates the desired mean state. Light lines indicate individual robot
trajectories and the solid blue line is the average of trajectories.

Fig. 5. Analytical, simulated, and experimental data for IBC. Figure
5(a) shows the analytical solution of the first moment dynamics of
the estimate. Figure 5(b) shows robots simulated using the Stochastic
Simulation Algorithm. Figure 5(c) shows data collected from the
Swarmbot testbed.
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(b) IBC analytical solution.

Figure 5.8: Analytical solutions plotted with experimental data for LAC and IBC. Parame-
ters chosen z = 1, g = 0.25 for LAC and z = 0.95, g = 0.25 for IBC.

munications handshaking protocol. First, if a robot is not updating, it selects a neighbor at

random and transmits a partner request message. Then, if that neighbor is not updating, it

replies with a partner acknowledge message and runs the update rule. Upon receipt of the

acknowledgement, the original robot runs its update rule with probability g. This success

probability parameter g allows us to simulate communication losses much larger than the

actual loss of the system, which is less than 1% [79].

5.7.4 Simulated Results

We simulated the system using the Stochastic Simulation Algorithm [42]. At every time

step in the simulation, a pair of robots is chosen to interact and update their estimates.

This produces a well-mixed system, i.e. interactions between any pair is uniform. Two

representative trajectories for the simulated results are shown in Figure 5.10(a) and Fig-

ure 5.10(b), for LAC and IBC respectively. The communications success rate is g = 0.25.

LAC converged with variance 0 to a value that is not the correct value while IBC oscillates

about the correct value with a finite variance. The results from simulation are confirmed

by experimental results.
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(a) Numerical analysis.
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(b) Experimental results.

Figure 5.9: LAC compared to IBC numerically for dropped messages. (a)We plot the stan-
dard deviation as a function of communication failures (1 � g) for 20 robots. The red
(dashed) line is the numerical standard deviation for LAC and the blue (solid) line is the
standard deviation for IBC. b LAC compared to IBC experimentally. We conducted a total
of 96 runs. The experimental data shows a much larger variance for the LAC RMSE than
the IBC RMSE.

(a) LAC simulated data for 20 robots. (b) IBC simulated data for 20 robots.

Figure 5.10: Simulated data for LAC and IBC. Parameters chosen z = 1, g = 0.25 for LAC
and z = 0.95, g = 0.25 for IBC.
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(a) LAC experimental data for 21 robots. (b) IBC experimental data using 20 robots.

Figure 5.11: Experimental data comparison for LAC and IBC. a)Experimental Data for
21 robots using LAC. The solid red line indicates the desired mean state. Light lines in-
dicate individual robot trajectories and the solid blue line is the average of trajectories.
b)Experimental Data for 20 robots using IBC. The red line indicates the desired mean state.
Light lines indicate individual robot trajectories and the solid blue line is the average of
trajectories.

5.7.5 Experimental Results

The SwarmBot Testbed [79], as introduced in Ch. 2 was used to validate algorithm

performance. The robots are autonomous, using only local computation and communica-

tion to run the algorithms. Each robot has a infra-red communication system that allows

robots to communicate to neighbors within approximately a 1.0 meter radius. This pro-

duces multi-hop networks within the confines of our experimental workspace, which is a

2.43 m ⇥ 2.43 m (8’ ⇥ 8’) square.

We generated dynamic network topologies by moving the robots randomly throughout

the workspace. Since their communication range is smaller that the workspace dimension,

this will force frequent changes in neighbors, producing random interactions. The robots

drive straight until they contact an obstacle, then use their bump sensors to estimate the

angle of incidence and rotate to “reflect” themselves back into the environment. Each trial

was 5 minutes long and initialized with 20 robots. Robots would occasionally run out of

batteries during the experiment and were not replaced.
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Figure 5.12: A SwarmBot experiment. Each trial started with 20 robots, but often robots
would run out of batteries during a trial. These robots were not replaced until the next
trial.

A total of 95 experimental runs were performed with the variables g = {0.1, 0.5, 1} and

z = {0.95, 1.0}. Figure 5.8(a) shows the analytical solution of the first moment dynamics

of the estimate. Figure 5.10(a) shows robots simulated using the Stochastic Simulation

Algorithm. Figure 5.11(a) shows data collected from the Swarmbot testbed. Analytical,

simulated, and experimental data for IBC z = 0.95, g = 0.25. Figure 5.8(b) shows the

analytical solution of the first moment dynamics of the estimate. Figure 5.10(b) shows

robots simulated using the Stochastic Simulation Algorithm. Figure 5.11(b) shows data

collected from the Swarmbot testbed.

Figures 5.8(a) and 5.8(b) each show one sample trajectory from the experimental data

plotted with the analytical results. We estimate k = 0.22 from our experimental results and

see that our data compares nicely to our analytical solution. We compute the root mean

square errors (RMSE) for experiments, where RMSE is
q
hx̂� xi2.

Figure 5.11 shows the experimental results for 96 trials where the RSME of LAC to IBC

are plotted as a function of communications failures, 1� g. The data supports the analyti-
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cal results and simulations. The LAC trials have a much larger RSME across multiple runs.

Although LAC produces runs with small RSME, it does not do so consistently. The IBC

algorithm produces more consistent RSME, even at which is 90% message loss.

Figure 5.9 shows LAC compared to IBC solved numerically, in simulation, and in ex-

periment. The left side shows LAC and the right side shows IBC; the top row compares

numerical solutions, the middle simulation, and the bottom row is experimental data.

Starting with LAC, Figure 5.8(a) shows the analytical solution (blue) of first moment

dynamics of the estimate with LAC parameters and standard deviation window (purple).

Desired mean (green dashed) plotted with experimental data for one robot (orange). In

Figure 5.10(a) LAC is simulated with 20 robots. The green dashed line indicates the de-

sired mean state. Light lines indicate individual robot trajectories and the solid blue line is

the average of trajectories. Lastly, in Figure 5.11(a), experimental data is taken for 21 robots

using LAC. The solid red line indicates the desired mean state. Light lines indicate individ-

ual robot trajectories and the solid blue line is the average of trajectories. The trajectories

qualitatively behave the same for numerical, simulated, and experimental data.

In Figure 5.8(b) the numerical solution for IBC is shown. The analytical solution (blue)

of first moment dynamics of the estimate with IBC parameters and standard deviation

window (purple). Desired mean (green dashed) plotted with experimental data for one

robot (orange). In Figure 5.10(b) IBC simulated data for 20 robots. The green dashed line

indicates the desired mean state. Light lines indicate individual robot trajectories and the

solid blue line is the average of trajectories. Lastly, in Figure 5.11(b) experimental data for

20 robots is collected. The red line indicates the desired mean state. Light lines indicate

individual robot trajectories and the solid blue line is the average of trajectories.The trajec-

tories qualitatively behave the same for numerical, simulated, and experimental data.

5.8 Extensions for Estimation

5.8.1 Problem Statement

We want to demonstrate that estimation can be extended to other applications. For ex-

ample, we may want to perform assembly on the PPT and estimate population fractions of
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all sub-components of an assembly. Thus, we extend IBC to estimate a vector of population

fractions. A robot i now has an estimate vector x̂i = (x̂a x̂b x̂c) representing the population

fractions for types a, b, and c. The population fractions sum to 1.

5.8.2 Algorithm

Much like in 5.1 if two robots i and j collide, they update their estimates according to

the rule

f (x̂i, qi, x̂j, qj) = z
�
ax̂i + (1� a)x̂j

�
+ (1� z)

✓
1
n

qi +
✓

n� 1
n

◆
qj

◆
.

The main difference between this update equation and (5.1) is that x̂i and qi are vectors

rather than scalers since each robot estimates a vector of species. Written as matrices, the

update rule becomes

x̂(t+) = z

0

BBB@

aI (1� a)I 0

(1� a)I aI 0

0 0 1
z I

1

CCCA
x̂(t�) + (1� z)

0

BBB@

1
n I (1� 1

n )I 0

1� 1
n I 1

n I 0

0 0 0

1

CCCA
q(t�), (5.20)

or more compactly and generally

x̂(t+) = zAij x̂(t�) + (1� z)Bijq(t�).

where Aij = Aij ⌦ In and Bij = Bij ⌦ In. Matrices Aij and Bij are defined as in (5.3).

5.8.3 Analysis

We can obtain the dynamics for the expected value of the estimate vector for a particular

species hx̂ai using the extended generator (4.7):

d
dt
hx̂ai = k

* 
zÂ

i<j
Aij �

✓
n
2

◆
I

!
x̂a + (1� z)Â

i<j
Bijq.

+
(5.21)

The expressions for matrices A and B are the same as (5.5) and (5.6).
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Therefore, equation (5.21) becomes

d
dt
hxai = k

(

Hhx̂ai + (1� z)Bq
)

(5.22)

When the dynamics of each estimate are analyzed separately, they reduce to

hxii⇤ = x1,

This has yet to be proven analytically.

5.8.4 Simulation Results

The robots interactions are simulated using the stochastic simulation algorithm [42] and

the results are plotted in Figure 5.13(a). Figure 5.13(a) shows one run with the estimate of

each of the three different species averaged over ten robots. Figures 5.13(b), 5.13(c), and

5.13(d) show histograms of all the robots for each estimate. The parameters a = 0.9 and

z = 0.9.

The simulation is initialized with one robots of type 1, two robots of type 2, and seven of

type 3. The simulations show that the averaged estimate across all robots for any particular

species converges to the correct estimate.

5.9 Discussion

Much of the work in distributed averaging guarantees convergence for systems that

are jointly connected, but IBC drives the system to a value different than the population

fraction if the graph induced by the random collisions is not completely connected. We

will look at the bounds as to why this is true.

We also examine the topology requirements for linear average consensus and input-

based consensus. Linear average consensus for a deterministic switching topology requires

that the agents’ communication events induce a jointly connected graph over time [58], that

is, the union of communication graphs over time is connected. For a stochastic setting one

examines the expected value of the graph instead. Hatano and Mesbahi [47] and Tahbaz-
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(a) Simulation with three species plot-
ted.
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(b) Histogram for type 1.
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(c) Histogram for type 2.
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(d) Histogram for type 3

Figure 5.13: Estimation for multiple species. Ten robots estimate 3 types of robots, ten runs
averaged and associated histograms. Parameters are chosen to be a = 0.9 and z = 0.9.

Salehi and Jadbabaie [114] examine this case. In IBC the expected value of the network is

a complete graph. However, IBC does not have the same guarantee if the expected graph

is not complete; in that event the agents converge to a value.

We consider a ”fixed” topology graph in that agents interact stochastically with a set of

neighbors instead of all of the other agents.

We also examine the robustness of IBC to last robots. We can calculate the effect of

losing a robot on the global estimate. We use the equilibrium of the estimate in (5.10),

hx̂i = x1. Suppose that one robot has a dead battery and the rest of the robots still believe

that there are n robots in the system, but instead there are actually n� 1 robots. The error
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Figure 5.14: IBC for fixed topology graph. All previous plots were generated for a well-
mixed environment, where robots communicate at rate k, and the union of the pairwise
interactions is a complete graph. This plot shows a ”fixed” topology where robots commu-
nicate at rate k, but the union of the pairwise interactions is one edge short of a complete
graph. The error is more severe for graphs of fewer edges.

of the equilibrium is hx̂iactual � hx̂imeasured = e1. We can solve this error as

e = �(1� z)H�1(Bactual � Bmeasured)q

where Bactual = n�2
n�1 11T and Bmeasured

n�1
n 11T. As the number of robots increases, the effect

of an incorrect coefficient decreases. For example, parameters for a representative experi-

ment are n = 20 robots, two robots with state 1, a = 0.5 and z = 0.95. If there are 19 active

robots at the end of an experiment, the error is 0.27%. For 18 active robots, the error is

0.58% and so on.

In this chapter, we presented input-based consensus (IBC), model the system as a stochas-

tic hybrid system, examine the first and second moment solutions of the equilibrium and

use those analytical solutions to compare with simulations and experimentation. We find

that our algorithm converges in mean and variance. Then we examine IBC in the presence

of severe message loss and extend it to multiple species.

Looking forward, we would like to find bounds on performance and derive an expres-

sion for the error due to dropped messages. In this chapter, we have only demonstrated



51

recovery of a mean initial condition, but this work can be extended to tracking a changing

quantity. Previous work leads [107, 108] us to believe that agreement upon the mean is

sufficient for control. Thus, we can extend this work to consensus and control for coordi-

nation, such a task assignment, in the presence of lossy communications or with a vector

estimate.
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Chapter 6

FEED-FORWARD CONSENSUS

6.1 Introduction

We address the problem of distributed estimation and control of agents in a stochas-

tic environment. In this chapter, distributed estimation refers to ensemble tracking of a

changing value and distributed control refers to asynchronous and simultaneous state as-

signment to agents.

This work is motivated by, but not limited to, the PPT [63], introduced in Ch. 2. Like

input-based consensus, each agent can be one of two discrete states, and calculates an

estimated population fraction and switch from one discrete state to another. Based on their

estimates of the population fraction, agents switch their type to match a desired reference

population fraction.

The contribution of this chapter is a distributed estimator of the population fraction

that informs a stochastic controller and together results in a zero-variance algorithm, an

improvement on IBC. We introduce an estimator and controller, prove their convergence

separately and together, and demonstrate our results in simulation. While we present this

work with the example of stochastic self-assembly, the theory can be generalized to be used

in other examples such as robotic swarms [46].

In Ch. 5, we derived a stochastic controller and estimator for robots of two types. We

proved that the estimation and control processes were separately stable and demonstrable

together. However, the estimator converged to the population fraction with a finite vari-

ance. In the current work, we have modified the estimator to more accurately track the

population fraction and provide a proof of the estimator and controller working together.
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6.2 Problem Statement

The estimation problem is to define an estimator function (x̂i, x̂j) 7! f (x̂i, qi, x̂j, qj) so

that x̂i(t) converges to x(t) as t ! • with high probability. Feed-Foward Consensus (FFC)

is similar to linear average consensus, where estimates are updated in a convex combination.

Also, we retain the knowledge of qi to add a feed-forward injection in the estimate x̂ when

a robot toggles q. In particular, if robot i interacts with robot j at time t then the robots

update their estimates according to

6.3 Algorithm

x̂i(t+) = ax̂i(t�) + (1� a)x̂j(t�)

x̂j(t+) = (1� a)x̂i(t�) + ax̂j(t�)

x̂k(t+) = x̂k(t�) for all k 6= i, j.

(6.1)

Here a 2 (0, 1) is a design parameter defining the weight of a robot’s own estimate. The

symbols t� and t+ denote the times immediately before and after the interaction, respec-

tively. The last line of the above update rule represents the fact that robots not participating

in the interaction do not update their estimates. The update equations can be written using

matrices:

x̂(t+) = Aij x̂(t�), (6.2)

where Aij is defined according to equation (6.1). The update rule results in linear average

consensus.

For the controller, we define a rate Ki at which the robots should flip their discrete states

from 0 to 1 and vice versa so that (a) x(t) approaches r and (b) the robots eventually stop

switching. The update rule for robot i when changing its discrete state is

qi(t+) = 1� qi(t�)

x̂i(t+) = x̂i(t�) + qi(t+)� qi(t�)

= x̂i(t�) + 1� 2qi(t�).
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d
dt
x̂i = 0

qi =1

d
dt
x̂i = 0

qi = 0

Ki x̂i,qi =1( )
x̂i ! x̂i !1
qi ! 0

x̂i! x̂i +1
qi !1

Ki x̂i,qi = 0( )
x̂i ! f x̂i, x̂ j( )

k

k

x̂i ! f x̂i, x̂ j( )

Figure 6.1: FFC modeled for robot i. Estimator events occur at rate k and are shown in
blue. Controller events occur at rate Ki and are shown in red.

Note the feed-forward injection contribution in the update rule for the estimate x̂. The es-

timate update is also used by Tsitsiklis et al. [119] to describe an exogenous measurement.

The update equation for the estimate x̂i preserves the relationship for the population frac-

tion x, so that

Â
i

qi = Â
i

x̂i. (6.3)

This allows the estimator to track the population fraction of the states.

6.4 Model

We model our system as a stochastic process that occurs at rate k for estimation updates

and Ki for controller updates. It is similar to the model for IBC in Ch. 5. The differences

are that the estimator updates estimates only and the controller updates both the discrete

states and estimates. Figure 6.1 shows the estimator (blue arrows) and controller (red) for

robot i.

6.5 First Moment Dynamics

The first moment of the estimator process are examined uses the Stochastic Hybrid

Systems (SHS) formalism. To reason about the dynamic behavior of a SHS, we use the
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extended generator theorem (4.7).

A SHS consists of a set of discrete and continuous states governed by a state-dependent

stochastic differential equation. Our system has neither continuous flow nor discrete up-

date, thus we do not use the entire formalism described by Hespanha [48]. In the present

case, the extended generator L is defined as in (4.6)

Ly(x̂, q) = Â
i<j

li (y
(

fi (x̂, q
))

� y
(

x̂, q
))

,

where y is the test function, fi is the update function for interaction i, and li is the asso-

ciated rate. where the indices i < j refer to the possible interactions between robots i and

j. We are interested in the expected value of the estimates in the ensemble behavior of the

estimation algorithm. We choose y(x̂, q) = x̂ so that

d
dt
hx̂i = k

*

Â
i<j

fi,j(x̂)� x̂

+
+

*
n

Â
i=1

Ki (gi(qi)� qi)

+
, (6.4)

where fij indicates the estimator update and gi indicates the controller update. In our

example, the estimate updateis fij(x̂) = Aij x̂, which occurs at rate k. The update for the

discrete value is gi(qi) = 1� qi, which occurs at rate Ki.

Equation 6.4 simplifies to

d
dt
hx̂i = k

✓
A�

✓
n
2

◆
I
◆
hx̂i +

*
n

Â
i=1

Ki(1� 2qi)

+
(6.5)

6.6 Analysis

6.6.1 Estimator Stability in Isolation

We show that the dynamics of the estimator are equivalent to Laplacian dynamics,

therefore is stable.

Theorem 5 The dynamics of the estimator, without control, is equivalent the Laplacian matrix for

a complete graph. As a result,
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1. The unique fixed point of d
dt hx̂i is hx̂i⇤ = x1.

2. The Laplacian matrix has a unique zero and negative eigenvalues, thus the fixed point

hx̂i⇤ = x1 is stable.

In other words, the estimates converge to the population fraction, assuming the discrete

states are constant. Furthermore, this system is stable.

If the graph induced by the random interactions of the robots are considered together,

the graph is complete and the degree of each node is n� 1. Also, since the graph is com-

plete, each node is connected to every other node and the adjacency matrix has a 1 in every

entry except along the diagonal. Thus, the adjacency matrix is 11T � I. For a complete

graph, the Laplacian matrix is

L = (n� 1)I + 11T � I. (6.6)

To examine the estimator stability, we consider the estimator without control. The dis-

crete value qi is constant for all i and Ki = 0. Equation (6.5) becomes

d
dt
hx̂i = k

✓
A�

✓
n
2

◆
I
◆
hx̂i.

Thus, to show Theorem 5, it is equivalent to show that

H = wL, (6.7)

where w is a weight and L is the Laplacian. We define

H , A�
✓

n
2

◆
I (6.8)

where

A =


(n� 1)a +
✓

n
2

◆
� (n� 1)

�
I + (1� a)

⇣
11T � I

⌘
. (6.9)
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The diagonal entries for A represent the n� 1 interactions weighted a and the✓
n
2

◆
� (n� 1) non-interactions weighted 1. Equation (6.9) can be simplified to

Using the definitions for H (6.8) and A(6.9) gives

H = (1� a)
⇣
�(n� 1)I + 11T � I

⌘
.

From (6.7) and the definition for the Laplacian matrix for a complete graph (6.6) gives

weight w = (1� a); the results are consistent with linear average consensus algorithms,

which obey (4.3). Similar work is done over random graphs by Hatano and Mesbahi [47]

and Tahbaz-Salehi and Jadbabaie [114]. Because we assume that our system is well mixed,

the expected value of our network is complete; we find the Laplacian for a complete graph

in our derivation.

⌅
As above, the dynamics of the estimator, without control, is equivalent the Laplacian

matrix for a complete graph. From here, we analyze the equilibrium behavior for the

estimator and controller.

6.6.2 Simultaneous Estimation and Control Stability

To combine the estimator and controller and ensure stability, we must adjust the con-

troller. The controller stability in the previous section is dependent upon the estimates x̂i

being equal to the actual x.

Since the space of x̂ is continuous, this will never occur. Thus, we alter our controller

so that rate Ki becomes 0 when x̂ ⇡ r:

Ki =

8
<

:
0 if r� e  xi  r + e, 8i;

|qi � r||xi � r| otherwise.
(6.10)

Note that e < 1
2n should be chosen to be sufficiently small to preserve the conservation

property (6.3).

We introduce the notation and theorem to prove that our controllers and estimators can

be designed separately but work together. The system is modeled as a continuous-time
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Markov Process over the compact state space Z and examine its embedded discrete-time

Markov chain. The set S ⇢ Z is measurable and invariant, TS is the hitting time of S , and

P(·) indicates probability. We write s = z0z1z2 . . . zn as a path of length n, or series of n

states, that begins at state z0 and ends at zn. Kzizj is the transition rate from state zi to zj.

We introduce a theorem that proves that if for all states there exists a finite path to

an invariant set, the probability of paths that eventually reach the invariant set S is 1,

provided that the sum of the transition rates out of each state is bounded. The following

theorem applies to discrete-time infinite-state Markov Processes. This theorem is used later

in a proof of convergence.

Theorem 6 Assume Kzizi+1 > e > 0 and Âx 6=y Kxy < Kmax. If 8z 2 Z there exists a path starting

at z and ending in S , whose length is n  N < •, then P(TS < •) = 1.

Proof of Theorem 6. Consider a path of length N,

s = zizi+1 . . . zi+N . By the assumptions of Theorem 6,

P(zi+N 2 S|zi /2 S) � d =
✓

e

Kmax

◆N
. (6.11)

Thus, the probability of its complement must be

P(zi+N /2 S|zi /2 S)  1� d. (6.12)

We can derive the probability P(zi+mN /2 S) using conditional statements

P(zi+mN /2 S|zi+(m�1)N /2 S)P(zi+(m�1)N /2 S) + P(zi+mN /2 S|zi+(m�1)N 2 S)P(zi+(m�1)N 2 S).

(6.13)

Note that P(zi+mN /2 S|zi+(m�1)N 2 S) in (6.13) equals zero since the system cannot leave S .

By iterating this substitution, we arrive at

P(zi+mN /2 S) =
m

’
j=1

P(zi+jN /2 S|zi+(j�1)N /2 S)P(zi /2 S).
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Figure 6.2: State space equivalence classes called levels. Levels c are labeled with cor-
responding x. The state were x = r includes the sink set S . Dashed arrows and ellipses
indicate omitted states.

Substituting (6.12) gives

P(zi+mN /2 S) < (1� d)mP(zi /2 S).

Our condition P(TS < •) is equivalent to

1� limm!•P(TS > mN)

� 1� limm!• Âz2Z(1� d)mP(zi = z)

� 1� 0

= 1. ⌅

We divide the state space X ⇥ Q into equivalence classes where x is constant in each

class. We call these classes levels and define them as c(x) = {(x̂, q)| 1
n qT1 = x}. That is, the

states in each level have the same number of agents in state 1; these states are permutations

of one another. Refer to Figure 6.2 for a graphical description. We prove that there is an

invariant S in level c(r), where qT1 = rn and x̂i 2 [r� e, r + e] 8i.

Using the following lemmas with proofs outlined below, we show that there exists an
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invariant set S, where S = {(x̂, q)|r� e  x̂i  r + e, 8i = 1, ..., n} for e < 1
2n .

Lemma 1 S is invariant with respect to the estimator and controller actions. In particular,

(a) No estimation event takes an agent out of S .

(b) No control event takes an agent out of S .

6.6.3 Proof of Lemma 1

For any robots i and j, estimates x̂i and x̂j are updated by the convex combination in

(6.1). Without loss of generality, assume x̂i < x̂j. Then

x̂i  x̂0i  x̂0j  x̂j, (6.14)

where x̂0i and x̂0j are the updated estimate values. No estimation event can take the agents’

estimates outside of any level c(x). In particular, S 2 c(r) is invariant with respect to

estimation events.

Similarly, by construction, no control event can take an agent’s state out of S . Refer to

the definition of the modified controller (6.10). ⌅

Lemma 2 The rate Ki = 0 for all i only when (x̂i, qi) 2 S .

6.6.4 Proof of Lemma 2

All invariant states are in the sink set S . We prove this lemma by contradiction and

show that if x̂ 2 [r� e, r + e] 8i then x = r.

Assume that x̂ 2 [r� e, r + e] 8i but x 6= r. Thus, the sum Âi x̂i 2 [n(r� e), n(r� e)]. We

note by definitions (something) and (6.3) that x = 1
n Âi x̂i and x 2 [r� e, r + e]. The values

x and r can be written as fractions: x = j
n and r = k

n where j, k 2 {0, 1, . . . , n}. Since e can

be no larger than 1
2n , j 2 [k � 1

2 , k + 1
2 ]. There is only one integer in that interval, so j = k

and x = r, which is a contradiction.

Thus, if x̂ 2 [r � e, r + e] 8i, then Ki = 0 8i robots and the agents estimates are within

the invariant set S . ⌅
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Figure 6.3: From any state not in the sink set, there exist control events (blue arrows) en-
abled that occur at rate Ki. Control events bring the state of the system to c(r) When in the
desired level c(r) estimation events (yellow arrows) move x̂ to the sink set S .

Lemma 3 S is reachable from any initial condition in finite time.

a. From (within) any level, there is a path of mc steps to c(r).

b. From any location in c(r), there is a path of me steps to S .

In other words, S is globally attracting.

6.6.5 Proof of Lemma 3

Using the results of Lemmas 1 and 2 and Theorem 6 we prove Lemma 3, that our system

always reaches a desired state in finite time. We use Lemma 1 to prove that the set S is

invariant and Lemma 2 to prove that the set S appears in only one level.

From Theorem 6, to show that the probability that any infinite path will end up in S

is 1, it is sufficient to construct a finite path from any state (x̂, q) to S provided bounded

transition rates. First, we find a bound, Kmax, on the sum of transition rates out of any state

by summing the controller and estimator rates.

Kmax >
n

Â
i=1

|qi � r||x̂i � r|+
✓

n
2

◆
k.

Each control rate |qi� r||x̂i� r|< 2 and the rate k is measured from the physical testbed, [26].

Thus, Kmax = 2n +
✓

n
2

◆
k.
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Figure 6.4: Demonstration of the FFC estimator and controller working together. (a) Esti-
mates for a single run. Average over 50 simulations for 8 robots. In both (a) and (b), thin
lines represent data for single robots and thick green lines represent the average label. In all
three figures, the dashed red lines represent the reference 0.125. (c) Normalized histogram
of estimates for 50 runs.

Second, we construct a path from any point in any level to the set S using mc control

actions and me estimation actions. From any level, the minimal path length to level c(r)

via control actions is mc = |rn � qT1|. Similarly, from any location in c(r), a path can be

constructed in me steps via estimation events to S . We choose two agents with maximal

difference to update their estimates. Since S is measurable and estimation events are con-

tracting (6.14), then estimates x̂i move closer to each other and closer to r for all i. Therefore,

all x̂i must be within e of r at a finite time thereby reaching S in a finite number of steps. ⌅

6.7 Simulation Results

We demonstrate the estimator and controller working together by directly simulating

the system using the Stochastic Simulation Algorithm (SSA) [42]. Figure 6.4 shows the be-

havior for 8 robots in a single run and averaged over 50 runs. In Figure 6.4(a), note that all

estimates converge to the reference with zero variance. When averaged over many runs

as in Figure 6.4(b) we see asymptotic convergence. The series of histograms in Figure 6.5
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Figure 6.5: Normalized histogram data for FFC at various times. The histogram at the far
left shows the initial distribution of estimates where 5 of 8 robots start with discrete state 1.
The histogram on the right shows the distribution of estimates at 2000s, with a spike about
the reference 0.125.

shows the evolution of the distribution over time. For these simulations the parameter

e is chosen to be 0.05 for the controller and this fulfills the constraint that e < 1
2n . The

distribution of the estimates approaches the reference over time.

6.8 Application: Stochastic Factory Floor

We have thus far designed an estimator of a global value for a well-mixed topology

but now we propose an estimator for a local value in a fixed topology. A fixed topology

describes the the Stochastic Factory Floor (SFF) (Figure 6.6), is a modular multi-robot sys-

tem that builds fixed lattice structures made up of raw materials called nodes and trusses.

The hardware is based on the modular robot Ckbot [134] and is being developed at the

University of Pennsylvania while the simulator has been developed at the University of

Washington.

The SFF is composed of identical tiles each containing a robotic arm, a cradle, and

an elevator as shown in 6.6(a). The robotic arms are modular and can pass nodes and

trusses to one another. Nodes can also be placed into temporary storage locations, or

cradles (not pictured). To create rigid structures, trusses actively connect to ridges on the

nodes by using a motorized latch. Upon completion of a level, the elevator lifts connected

components and construction of the next level begins.
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elevator 
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truss 

(a) Stochastic Factory Floor tile. (b) Stochastic Factory Floor array
of tiles.

(c) Stochastic Factory Floor
building a truss structure.

Figure 6.6: Stochastic Factory Floor (SFF) testbed.

For the SFF to function, we develop general principles for distributed assembly and can

apply our estimator and controller to several scenarios. One of the coordination problems

in this testbed involves lifting a completed level. All of the tiles and must have the requi-

site nodes and trusses in the correct locations before they can decide to lift their elevators

synchronously. Other challenges include dynamic routing of parts, automatic program

generation, and building arbitrary structures.

An estimator has been designed for the Programmable Parts Testbed (PPT) and is di-

rectly applicable to the Swarmbot testbed. However, the algorithms requires some adapt-

ing to be applicable to the Stochastic Factory Floor (SFF). Specifically, in the SFF, the popula-

tion fraction refers to the fraction of the nodes in the system. Later, we can also estimate the

fraction trusses. However, it may not be enough to simply estimate the population fraction

of the entire system; we may want the structure to be built in a particular location. Thus,

we introduce a local population fraction, the fraction of nodes in a particular location.

In the example in Fig 6.7 each square represents a robot that can interact with its four

neighbors (left, right, down, up). The allowable interactions for each tile consist of propa-

gating a message and passing a node to any neighbor.

We set up a similar formalism as in Ch. 5 Consider a set of n tiles each having a discrete

internal state, qi(t) 2 {0, 1}, which represents the presence of a node, depicted a black

square in Figure 6.7(a). Also consider a subset of m tiles that represent an area of interest.
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(b) Tile array with distances labeled.

Figure 6.7: Array of robotic tiles. Tiles can communicate with and pass nodes to neighbors.
The teal region indicates an area of interest. a) Small black squares indicate that a node is
present. b) Tiles are labeled with distance from desirable region.

The population fraction for this area of interest is the fraction of tiles that have nodes.

In Figure 6.7(a), the population fraction of nodes in the area of interest is 1
4 . We can

achieve this value by initializing the estimates x̂i according to the presence of the node and

averaging only within the teal square. The estimate update rule for neighbors i and j is

given by (6.1).

The difficulty lies when we move outside the teal square. It is clear that we can average

within the desired region, but how does this information get propagated outward? To ad-

dress this problem, we create a directed graph rooted in the desirable region and propagate

messages away from that region. Thus, we assign 0 to all tiles in the desirable region and

label children according to their distance. This is illustrated in Figure 6.7(b).

We set up a similar formalism as in Ch. 5 and earlier in Ch. 6. Consider a set of n tiles

each having a discrete internal state, qi(t) 2 {0, 1}, which represents the presence of a node,

depicted a black square in Figure 6.7(a). Also consider a subset of m tiles that represent an

area of interest. The population fraction for this area of interest is the fraction of tiles that

have nodes.

In Figure 6.7(a), the population fraction of nodes in the area of interest is 1
4 . We can

achieve this value by initializing the estimates x̂i according to the presence of the node and

averaging only within the teal square. The estimate update rule for neighbors i and j is

given by (6.1)
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Thus far, we use the same update rule as in [108]. The difficulty lies when we move out-

side the teal square. It is clear that we can average within the desired region, but how does

this information get propagated outward? To address this problem, we create a directed

graph rooted in the desirable region and propagate messages away from that region. Thus,

we assign 0 to all tiles in the desirable region and label children according to their distance.

This is illustrated in Figure 6.7(b).

6.8.1 Simulated Results
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(b) Node spawning

Figure 6.8: Simulations of estimation on fixed topology tile space. a) Nodes are passed be-
tween tiles (fixed number of node). b) Nodes spawn from one side and are passed (varying
number of nodes.

Figure 6.8 shows the FFC applied directly to the tile testbed with estimation performed

on the population fraction of nodes in the system. In Figure 6.8(a) nodes are being passed

and the agents converge upon a the ratio. In Figure 6.8(b) nodes are passed around and

appear in source locations. The spikes indicate the feed-forward term accounting for the

appearance of a new node.
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Local Estimation with passing for 12 robots

(b) Passed nodes.

Figure 6.9: Local estimation for 12 tile elements. a) Local estimation with stationary nodes.
b) Local estimation with passed nodes.

Figure 6.9 shows simulations for local estimation of nodes in a target region. Earlier,

estimation was performed for the whole set of tiles and now, there is estimation for only a

subset of the tiles. In 6.9(a), the agents talk to one another only, while in 6.9(b), nodes are

passed amongst the tiles. Both come to agreement of the population fraction of the nodes

in the particular area.This needs to be extended for nodes appearing at a source.

6.9 Discussion

Our scalar estimation algorithms IBC and FFC complement each other nicely. FFC

converges with zero inter-agent variance, but with global error for any given execution,

whereas IBC converges with bounded inter-agent variance but with zero average global

error for a single execution. IBC is best used where the mean topology is completely con-

nected. FFC is better suited than IBC for a fixed topology. Table 6.1 highlights the major

similarities and differences.
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Input-based Consensus (IBC) Feed-Forward Consensus (FFC)
Description tracks population fraction tracks population fraction

convex combination of estimates
and discrete states

convex combination of estimates;
estimation updated during con-
trol event

finite variance zero variance
convergence in probability asymptotic convergence

Robust to: unknown initial conditions unknown number of agents
dropped messages variable communication topology

Sensitive to: unknown number of agents unknown initial conditions
variable communication topology dropped messages

Table 6.1: Comparison of IBC and FFC
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Chapter 7

GRAPH CONSENSUS WITH WEARABLE DEVICES

7.1 Introduction

Group coordination is required when independent agents set out to achieve a collec-

tive goal. Together, group members respond to disasters, rescue victims, and score points

[12, 98]. One of the most basic coordination tasks is staying physically close and moving to-

gether from one point to another. Examples where people move as groups include schools

and tours. Keeping the group together is challenging if the environment is crowded, clut-

tered, or noisy or if group members are numerous or active. These challenges are exac-

erbated when group members have special needs. In particular, children with autism are

prone to stray [90, 91]; this behavior is among the most stressful for the caregivers [72].

Wandering is also a problem for people with dementia [65, 69, 70, 99].

Current technologies for keeping track of people include visual aids, physical restraints,

and electronic tracking. In a school group taking a field trip, students may wear brightly

colored shirts and group leaders count them. However, this puts significant cognitive

load on the group leader. A small child may be tethered to its parent using a harness

[27], but use of harnesses is controversial [15, 45]. Electronic devices seem promising for

tracking people [99], but are often reactive. The Pervasive and UbiComp communities are

uniquely situated to ease the stress of caregivers and group leaders while providing active

monitoring.

We present Grouper, a decentralized system of wearable modules, as a technological

aid to this problem. Grouper allows groups to stay together without physical constraints

and aims to reduce the cognitive load required by all members of the group. Each module

estimates the proximity of the group members and alerts group members if at least one

is too far away. The alert continues until the wanderer returns to the group. Users need

not continuously consult their devices to check if the group is together, but will be clearly
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alerted when straying from the group.

Grouper modules estimate proximity using received signal strength indicator (RSSI) of

packets sent by wireless radio. Technical challenges included RSSI noise, packet collision,

and concurrent operation. We characterized the behavior of RSSI in three types of envi-

ronments and used this information to design a decentralized estimation algorithm. We

then tested Grouper on groups of five in real-world environments, and characterized the

fidelity of the alerts by examining ground truth data. The main contributions of this work

are 1) a decentralized system for estimating the graph of a highly dynamic set of nodes, 2)

characterization of proximity sensing using RSSI for three types of environments, and 3)

evaluation of the system in a real-world environment.

We present our algorithms in Sec. 7.3. The system is modeled in Sec. 7.4 and simulated

in Sec. 7.5. The Grouper hardware is described in Ch. 2 and characterized in Sec. 7.6.

Sec. 7.7 is a discussion of experiments and results, and we conclude in Sec. 7.8.

7.2 Problem Statement

We represent our system as a graph to model proximity. A graph consists of nodes and

edges and in this paper we use nodes to represent users or their modules, while edges

represent proximity or communication range. Two nodes are connected (1) if there exists an

edge between them and they are disconnected (0) otherwise. A graph is connected if any

node can reach any other node via edges.

There are several ways to keep track of members in a group: one might choose a cen-

tralized or decentralized method. In a centralized approach, the leader keeps track of the

other group members. The group is not together if any user is disconnected from the

leader. Thus, in a centralized approach, we define a group as the set of users within certain

a distance from the leader. In a decentralized model, a node can communicate with any

other node and the group is together if the graph is connected.

Previous work has focused on centralized algorithms between a leader and other users

called followers [109]. For the centralized communication protocol, the leader broadcasts

messages to followers and the group cohesion is determined by how far the followers are
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Safe state Alert Leader Proximity Unsafe state 

a) b) c) 

Figure 7.1: Centralized cluster-about-the-leader behavior. a) A follower wanders away
from the leader (center, bold outline). b) The leader and the wandering follower are alerted.
c) The follower comes back within distance of the leader.

from the leader. While a centralized approach is straight-forward, it may not sufficiently

capture how a group actually behaves. First, groups are not always defined with a single

leader or a leader at all. Second, it may not be practical to require users to be within a fixed

radius from leader. For example, users may be arranged in a line where they are proximal

to one another but too far from the leader. We address some of these concerns by designing

a decentralized approach.

7.2.1 Centralized Approach

Our preliminary work focuses on centralized algorithms between a leader and follow-

ers [109]. For the centralized communication protocol, the leader broadcasts messages to

followers. A follower will send a message back when it receives a message from the leader.

Figure 7.1 shows the cluster-about-the-leader behavior. Followers are at varying distances

from leader. The center dot is the leader and the dashed circles centered about the leader is

the allowable distance. Followers that are within the allowable distance are colored green;

those that are beyond the distance are colored red. Figure 7.1 a) shows a follower outside

the acceptable distance, b) shows the agents’ sensory cues, and c) shows the agent moved

closer after receiving their sensory cues. Note that both the leader and follower receive

sensory cues. Additionally, if a user wanders too far away from the group and is out of
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Safe state Initial state Alert Leader Proximity 

a) b) c) 

Figure 7.2: Centralized global alert behavior. a) All agents are initialized grey, except the
leader who is indicated by a solid outline. b) The leader alerts all the followers regardless
of distance. c) All followers within a desired radius have stopped alerting.

range for a certain amount of time, the leader also receives an alert.

The second centralized behavior is called global alert. The leader presses a button when

he or she wishes to collect the group for an announcement or similar event. Figure 7.2 a)

shows the followers with uninitialized state, b) shows all the agents getting an alert, and c)

shows the followers close to the leader. The allowable distance is indicated by the dashed

line. This behavior is useful if a teacher has an announcement or instructions for students.

7.2.2 Decentralized Approach

We are mainly interested in keeping track of a group of people in a distributed way

and present an approach where nodes estimate the state of the system, represented as a

graph. A group is together if the graph is connected. There are several challenges in the

decentralized approach: Who should be alerted? How is information passed? The decentralized

graph estimation problem is more complicated than the centralized problem, but better

captures group behavior.

Figure 7.3 depicts the decentralized connected graph behavior. Nodes can move away

from each other as long the graph is connected. We are interested in the proximity of each

node and represent this with a dashed circle. Nodes that are connected to one another

have a graph edge between them (solid line). In Figure 7.3 a) a node is outside the range of

all other nodes. In Figure 7.3 b) all nodes receive an alert. Lastly, in Figure 7.3 c) the stray

node moves within the other nodes’ range.
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Graph edge Safe state Alert Proximity Unsafe state 

b) c) a) 

Figure 7.3: Decentralized connected graph behavior. a) Undesired Behavior: All nodes are
connected to one another, except one (red). The red node is considered unsafe. b) Sensory
Cue: All the nodes receive a signal that a node is missing. c) Desired Behavior: The graph is
connected and all nodes are safe (green).

7.3 Algorithms

In the decentralized approach in Sec. 7.2, users are disconnected from the group when

the graph is disconnected. Each node constructs a graph estimate consisting of nodes and

edges that is based on the estimates of other nodes. Nodes cannot simple average graphs

and instead weigh information based on perspective. Below is an example.

Example: Given a graph with four nodes shown in Table 7.1. The list of edges for the graph

are given by E = {e12, e23, e34}. The edges from the perspective of each agent i is given by

Ei. Agents use local information and only receive information from those to whom they are

connected. For instance, agent 1 is connected only to agent 2 so does not know (directly)

about agent 3.

Graph Edge list

1 2 3 4 

E = {e12, e23, e34}
E1 = {e12}
E2 = {e12, e23}
E3 = {e23, e34}
E4 = {e34}

Table 7.1: Line graph for four nodes, pictorial representation and edge list. Edge list in-
cludes the perspective of each node.
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Here, no individual agent has complete information about the graph, but the infor-

mation from agents 2 and 3 together construct the entire graph. Suppose agent 2 sends

its edge information E2 to agent 3. The union of the edges known by agents 2 and 3 is

E2(12), E2(23), E3(23), E3(34), where E2(12) represents the edge e12 from the perspective of

agent 2. Agent 3 processes the edges it has received from agent 2:

• E2(12) is a new edge for agent 3 and is concatenated to agent 3’s edge list.

• E2(23) is information about the edge shared by agents 2 and 3; agent 3 averages it

with its own information E3(23).

The edge list for agent 3 at the end of this interaction is E3 = {e12, e23, e34}. This algorithm

differs from the scalar estimation in that the perspective is taken into account when in-

corporating information. Each agent cannot sense the entire graph so builds an estimate

that is dependent on the communication of other agents. Algorithms 1, 2, and 3 show the

example generalized for arbitrary graphs.

Algorithm 1 summarizes the initialization of a node’s graph estimate. Each node i

constructs a list of nodes Ni that includes all nodes that it detects. Node i then constructs

a list of edges Ei for itself and every other node in Ni. An edge is represented as a tuple

Ei(ij) = (i, j, rssiij, ageij), where i and j are the nodes, rssiij is the RSSI of the most recent

packet and ageij represents the newness of the information. The edge Ei(ij) can be read as

“the edge between nodes i and j, from the perspective of node j”.

Algorithm 1 Graph initialization for node i.
Construct list of nodes Ni.

Ni = {i, j, k, l, ...} where j, k, l, ... are detected nodes

Construct list of edge data Ei.

where edge data Ei(ij) = (i, j, rssiij, ageij)8j 2 Ni, i 6= j

After initialization, a node will send and receive edge data to complete its graph es-

timate. Node i receives a packet Ej from node j with packet RSSI prssi. This is not to be
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confused with the RSSI measurements contained in the payload of the packet. Node i

parses the data from node j according to Alg. 2. For each edge e in a packet Ej there are

four basic operations: average, ignore, update, and concatenate. For distinct nodes i, j, k, l:

• if the receiver i and sender j are part of the edge data (e = Ej(ij)), then node i averages

the packet RSSI prssi with the payload RSSI Ej(ij). The age of the edge is also reset to

0.

• if the receiver i is part of the edge data, but the sender j is not (e = Ej(ik)) then the

receiver ignores the edge data; the receiver has better information than the sender.

• if the receiver i is not part of the edge (e = Ej(jk)), then it updates its graph according

to the packet.

• if the edge is not in the edge data of i (e = Ej(jl) /2 Ei), the edge is new and the receiver

concatenates the edge to its list. This allows for dynamic network resizing.

Algorithm 2 provides unequal weights for different information based on perspective.

When a node has a “first-person” perspective of an edge, it averages or ignores the received

data. When a node has a “third-person” perspective of an edge, it updates or concatenates

the received data.

Each node then evaluates if an edge is present by thresholding it via RSSI and age.

Algorithm 3 describes this threshold. Variable isedge represents if there is an edge present

(1) or not (0). An edge is not present when its RSSI is too low (module is too far away) or

if the information is too old (module has not communicated recently). This threshold is

state-dependent to take into account recent history. The variable age is incremented every

second until it reaches timeout, at which time there is no edge and isedge is set to 0.

Our algorithms used for distributed estimation of the network allows for nodes to dy-

namically join the network. A list of nodes does not need to be preprogrammed, nodes can

join at different times, and the network can vary in size. One of the challenges of designing

an embedded system is designing modular systems to operate concurrently. Another im-

plementation challenge is scaling an increasing number of nodes leads to larger packet size
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Algorithm 2 Packet parsing. Node i receives edge data from node j.
Given distinct nodes i, j, k, l.
Edge data Ej received from node j with packet RSSI prssi.
for all edges e 2 Ej do

if e = Ej(ij) then
Ei(ij) average (prssi, Ej(rssiij))
reset age 0

else if e = Ej(ik), where k 6= j then
ignore e

else if e = Ej(jk), where k 6= i then
update Ei(jk) Ej(jk)

else if e = Ej(jl), where Ei(jl) /2 Ei then
concatenate Ei  Ei(jl)[ Ei

end if
end for

Algorithm 3 State-dependent edge threshold for node i.
Given edge e = (i, j, rssiij, ageij) with edge connectivity isedgeij
if isedge and rssiij < threshUp and ageij < timeout then

isedgeij  1
else if !isedgeij and rssiij < threshDown and ageij < timeout then

isedgeij  1
else

isedgeij  0
end if
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and packet collision. In the next section, we characterize the proximity sensing to address

some of the implementation challenges.

7.4 Model

d
dt
xi = 0

qi = 0

d
dt
xi =1

qi =1

k
xi ! 0

xi = MAX

k
xi ! 0

Figure 7.4: Model for edge i. Communication events (blue) occur at rate k and reset the
variable xi. The condition xi = MAX (red) deletes an edge from a node’s estimate.

We model Grouper as a SHS with deterministic and stochastic components. Figure

7.4 shows the model for edge i for a node. Each state is labeled by the discrete state and

continuous dynamics. where a connected edge exists for qi = 1. The continuous dynamics

are:

d
dt

x =

8
<

:
1 qi = 1

0 qi = 0,
(7.1)

which are state dependent.

The age xi of the edge is an abstraction for the measurement and age thresholding

in Alg. 3. The continuous dynamics d
dt xi represents the deterministic aging of the edge

information. At rate k, an edge is updated when the node communicates with another

and the age xi is set to zero. The edge is determined to be disconnected when xi = MAX

(red arrow). This can be interpreted as the edge age reaching the timeout or the edge
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Figure 7.5: Five nodes changing topology, graph trajectory for Grouper simulation. The
graphs {A1, A2, A3, A4, A5} correspond to state changes at times t = {0, 20, 40, 60, 80}.

measurement reaching a threshold. Each edge can be modeled in this way and a node

computes its connectivity by examining the edges.

7.5 Simulation

We simulate the system as modeled in Fig. 7.4 using the Stochastic Simulation Algo-

rithm [42]. Edges are aged deterministically and communication between nodes occurs

randomly as a function of the adjacency matrix. If there is no edge between nodes, then

the communication rate is 0. Figure 7.5 shows the trajectory of graphs {A1, A2, A3, A4, A5}

for times t = {0, 20, 40, 60, 80}. The graphs alternate between connected and disconnected.

The connectivity estimated by each node is shown in Fig. 7.6. In our simulation, the age

timeout was 10 s with a rate of communication of k = 10 Hz. In the simulation, nodes detect

that they are disconnected about 10 s after state change due to the timeout.

7.6 System Characterization

We detect the proximity of users to each other based on the RSSI of packets sent be-

tween them. It is debated whether RSSI is a good measure of proximity [112, 16, 135].

Benkić et al. characterize RSSI indoors and conclude it to be a poor distance estimator

while Srinivasan et al. assert that RSSI is underappreciated. We chose to use a RSSI be-

cause the XBee can then be used for communication and for sensing. Potentially, RSSI can

be used both outdoors and indoors while GPS only works outdoors.

We provide a characterization of the RSSI using XBee for several environments: ideal

outdoor (Fig. 7.7), non-ideal outdoor (Fig. 7.8), and indoor (Fig. 7.9). In an ideal envi-
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Figure 7.6: Connectivity shown for simulation with five nodes changing topology. Node
data is shown in purple, blue, green, yellow, and orange; mean data is red and actual
state change is shown in brown. Topologies are shown in Fig. 7.5 and alternate between
connected (1) and disconnected (0).

ronment, the RSSI between nodes is inversely proportional to distance. In each of these

environments, we set a pair of nodes at varying distances and sent messages at 10 Hz.

One node was connected to a computer (serial output) to collect RSSI data. At least 200

samples were taken at each distance in each of the environments. At each distance, we plot

the mean and standard deviation for RSSI and message frequency.

Figure 7.7 shows an ideal outdoor environment. The environment is considered ideal

because data it was taken in an open are with no obstacles and minimal radio interference.

The data is taken at a park and shows a monotonically decreasing relationship between

RSSI and distance in Figure 7.7(a). As the nodes move farther apart, the standard deviation

for received message frequency increases. There is only significant decrease in message

frequency after 10 m.

Figure 7.8 shows RSSI data taken in a non-ideal outdoor setting. Data ranges from 0 m

to 4.5 m taken at 0.5 m intervals. At our maximum measurement, 4.5 m, message frequency
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Figure 7.7: RSSI and message frequency for an ideal environment. Values are measured
as a function of distance and mean measurements are indicated with standard deviation.
This environment is considered ideal because the measurements decrease monotonically
as a function of distance. Data was taken with nodes spaced up to 15 m apart. a) The RSSI
decays with little variance as a function of distance. b) Message frequency was consistent
with the broadcast frequency (10 Hz) until the nodes were spaced 11.5 m apart.
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Figure 7.8: RSSI and message frequency for a non-ideal environment. Values are measured
as a function of distance and mean measurements are indicated with standard deviation.
This environment is considered non-ideal due to severe packet latency. Nodes were spaced
up to 4.5 m apart. a) RSSI data decreased as a function of distance. b) Packet arrivals
slowed significantly at 3.5 m. At 4.5 m message arrivals took as long as 35 s (0.03 Hz).
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Figure 7.9: RSSI and message frequency for an indoor environment. Values are measured
as a function of distance and mean measurements are indicated with standard deviation.
Nodes were spaced up to 10 m apart, as limited by the room. a) The RSSI data does not
have a monotonic relationship with distance, possibly due to messages bouncing off walls.
b) Packets arrived at the broadcast frequency of 10 Hz and was fairly consistent for all
distances

slowed significantly (0.03 Hz). User studies attempted in this area yielded poor results.

Figure 7.9 shows data collected indoors in a large room approximately 12 m ⇥ 6 m.

The RSSI did not monotonically decay with distance, while received message frequency

corresponded to broadcast frequency. Our RSSI measurements lead us to believe that RSSI

may not be a reliable measure of distance indoors as others have concluded [16, 135].

7.7 Experiments

We evaluated Grouper by collecting ground truth data for the decentralized algorithm.

We have designed our system to alert all members of a group when a single member of the

group is far away, that is, the received packet is too old or the signal strength crosses below

a state-dependent threshold.

The basic experiment was a group walk around the University of Washington campus

for 30-60 minutes. Figure 7.10 depicts experiments on campus. Data was taken from five

experiments with 23 participants in groups of five (with some repeat participants). Four
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trial notes
1 Exploratory walk, identified friendly environments (many obstacles)
2 Burke Gilman trail (moderate obstacles)
3 Red Square (no obstacles), Quad (many obstacles)
4 Husky Stadium (no obstacles)
5 CSE to Husky Stadium, Burk Gilman (many obstacles)

Table 7.2: Experiment details. Experiments are numbered 1-5 and detailed with the pri-
mary location on campus and density of obstacles (none, moderate, many).

participants donned the wearable modules and one held the logger. Video was taken for

ground truth and the camera and logger are started simultaneously to synchronize data

collection. Environments included areas with no obstacles (experiments 3 and 4), moderate

obstacles (experiments 1, 2 and 5), and many obstacles (experiments 1, 3, and 5). Table 7.2

details the locations of the experiments and obstacle density.

7.7.1 Alert Classification

Grouper was designed to alert users when the group is not together. We tested this

specification by examining the alerts and events. An alert is a sensory cue and an event

is when at least one user is too far from the group. Our aim is to show that the system

correctly alerts users, that is, 1) when there is an event, the system alerts users, and 2) all

alerts are correct. We do this by classifying alerts:

A true positive is a correct alert when a group member is missing.

A false positive is an incorrect alert when everyone is present.

A false negative is the absence of an alert when a group member is missing.

A group is considered “together” when no two users are greater than approximately

6 m apart or that messages were no older than 10 s. For our experiments, we chose RSSI

thresholds for Alg. 3 that corresponded to approximately 7.5 m if a user was leaving the

group (threshUp) or 6 m if a user was returning to the group (threshDown). User study
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Figure 7.10: Summary of campus experiments. Experiments took place along paths on and
the University of Washington campus.
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Figure 7.11: Experimental setup. Participants walked around campus as a group (circles)
between buildings (blocks). Their path is indicated with the dashed line. Experiments
were recorded with a video camera to provide ground truth and compared to logger data .

participants were asked to raise their hands when receiving an alert so that video could be

synchronized with logger data. Figure 7.12 shows alerts and events classified in five exper-

iments. The number of true positives includes correctly detected events for all users. The

number of false positives includes every event where at least one module alerted errantly.

Some false positives were caused by the environment and were noted if they occurred in a

characterized non-ideal environment (Fig. 7.8). The number of alerts is the number of true

positives added to the number of false positives. The number of events is the number of

true positives added to the number of false negatives.

The experiments yielded fairly consistent results with 74% of all alerts correctly classi-

fied and 80% of all events detected. In Experiment 1, participants walked around campus

to characterize environments for future experiments. There were numerous false positives,

many of which were caused by known non-ideal environments.

Figure 7.13 shows connectivity estimated by five nodes, their mean, and ground truth

for experiment 4. Experiment 4 was conducted on a football field where one user remained

stationary while the rest of the group walked away. Nodes 1-4 are the wearable modules

and node 5 is the logger. A node estimates the connectivity of the graph: the value 0 is a

disconnected graph and value 1 is a connected graph. Note in the mean plot (red) that there
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Figure 7.12: Data for five experiments with alerts and events classified. Bar charts are
normalized and labeled with the number of occurrences. a) Alerts are comprised of true
positives (navy) and false positives (red) including those due to the environment (yellow).
b) Events are comprised of true positives (navy) and false negatives (cyan).
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Figure 7.13: Connectivity estimated by each node, experiment 4. Node data is shown in
purple, blue, green, yellow, and orange; mean data is red and ground truth is brown. Note
that agents agree for majority of the experiment.
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Figure 7.14: Graph estimates for each node, experiment 4 at 45 s. All nodes agree that the
graph is disconnected and that node 2 is missing.

is a ”ripple” of agreement as nodes detect that the group is connected or disconnected.

Experiment 4 was conducted on a football field to collect quantitative ground truth data.

We note that while the logger failed to record the event at 275 s, users were in fact alerted.

The connectivity data collected resembles the simulated data (Fig. 7.6).

In Figure 7.14, all the nodes have graph estimates of the systems. Nodes are indicated

as yellow circles and edges are blue lines. At this point in time, all nodes estimate a dis-

connected graph with the same node missing. Additionally, estimated edges are similar.

In our experiments, Grouper has done well to correctly alert a group that it is not to-

gether with at least 73% of alerts correctly classified. However, these results are very de-

pendent upon the environment. There were several informal experiments we performed

hiking where Grouper seemed to yield more false positives than true positives due to the

obstacle-filled environment.

7.8 Discussion

Grouper has been developed with the concept of group coordination where group

members must stay proximal. As a group member it can be difficult to split attention

between tracking the group and the task at hand. We introduce a novel testbed with dis-

tributed state estimation using proximity sensing and evaluate it in real-world environ-

ments.

To our knowledge, our work is the first to evaluate an RSSI-based tracking system for

groups in real-world environments. We characterize RSSI and message frequency as a
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function of distance in three types of environments and use this data to estimate the prox-

imity of a group. We then collected ground truth data to quantify system alerts and events

and compared estimated states to actual state. In user studies, Grouper correctly alerted

groups of separation 74% of the time and detected 80% of all separations.

Using RSSI for localization has the benefit over GPS of indoor operation. Our current

characterization of indoor RSSI signals are noisy due to indoor geometry (Fig. 7.9), mak-

ing thresholding difficult. We need to expand our characterization of indoor geometries to

hallways, atria, and cluttered rooms. Ideally, we would like to engineer a context-aware

device to infer the environment and dynamically adjust its thresholds, possibly by adding

complementary sensors. For example, a system using RSSI and GPS can infer an indoor en-

vironment by noting the noisiness of RSSI data and absence of GPS signal. Additional sen-

sors would also aid in alerting users of the direction of the majority of the group. Grouper

is currently proximity-based and a lost user cannot determine direction for rejoining the

group. The alert is designed to cue members of the group to look for one another.

Wearable devices for groups have potential in numerous applications. In addition to

keeping a group together, a system like Grouper can be used to track the interactions of

sports teams. Previous work inferred social networks [122]; interaction data can be col-

lected from instrumented team players. User-based data can provide insight into strategy,

identify successful interaction patterns, and improve team coordination. This type of data

collection would be an alternative to motion capture or other vision systems which may be

difficult to install. Similar approaches can be imagined for recreation, rescue, and tactical

applications for groups of hikers, firefighters, or soldiers. Another example involves search

and rescue in disaster situations. People enter unmapped and dangerous buildings to save

victims. Rescuers need to know the location of team members and monitor building con-

dition for their own safety. They also need to coordinate with medical responders to best

provide care. This is a complex coordination task that requires a significant cognitive load.

Instrumented coordination for groups has the potential to improve safety, efficiency, and

reaction time, which may critical for saving lives.
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Chapter 8

CONCLUSION

In this thesis, we presented algorithms for agreement in multi-agent systems that are

extensions of linear average consensus. This involves stochastically interacting particles

estimating a scalar quantity (Ch. 5, Ch. 6) and agents estimating a graph (Ch. 7). All of the

algorithms use local interactions and the work done on these testbeds can be extended to

a more general class of systems.

Input-Based Consensus (IBC), which was presented in Ch. 5, is a consensus-like al-

gorithm that weights the current estimate and initial states in its estimate update. The

inclusion of the initial states allows the system to be robust to packet loss [106]. IBC works

in well-mixed scenarios and has only been tested for a small number of robots. One of the

goals of this work is an extension to large multi-agent systems. Reducing the state of the

system to a single scalar value is an attempt to address this goal. However, IBC requires

that agents be well-mixed, an increasingly difficult condition to enforce as the number of

agents increases. Future work includes adapting IBC to scenarios with different topolo-

gies. Another drawback is that IBC requires a known and fixed number of agents. This

requirement is makes it difficult to adapt to a large and changing population. While we

have proven convergence and demonstrated it in simulation, we have yet to implement a

hardware system with the estimator and controller.

We presented Feed-Forward Consensus (FFC) in Ch. 6, another consensus-like algo-

rithm that averages the current estimates. The estimate is also updated when an agent

changes state. We proved convergence for the estimator and state-switching controller.

FFC was simulated in a fixed topology environment in the context of the Stochastic Factory

Floor. There may be interesting applications using local estimation of a particular region.

FFC is much like Linear Average Consensus (LAC). Both update via a convex combination

of states, converge to zero variance, and are robust to the number of agents but sensitive
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to unknown initial conditions and dropped messages. We have proven convergence and

demonstrated FFC in simulation, but have yet to implement a hardware system with the

estimator and controller.

Graph consensus, which was presented in Ch. 7, is an algorithm for distributed agree-

ment on a graph without a particular communication protocol. We presented a model, sim-

ulation, characterization of hardware, and experiments in outdoor environments. Much

work needs to be done to extend this application to indoor operation. One engineering

challenge for Grouper include packets collision when too many agents broadcast at once.

Different broadcast protocols will need to be introduced for increased number of agents.

Another approach for keeping a large group together is dividing the group into subgroups.

This incorporates of distributed assignment of group members to subgroups. Each sub-

group could communicate on different channels. As we addressed multi-agent problems,

we find many more engineering problems along the way.

“The most profound technologies are those that disappear. They weave them-

selves into the fabric of everyday life until they are indistinguishable from it.”

Mark Wieser [125]

In Weiser’s vision, computers will fade into the background so they are no longer no-

ticeable. We already have computers of many sizes and shapes with us at all times. In

the home, robots can clean floors and gutters, mow our lawns, and wake us. Deliberate

interaction with personal computers will give way to natural interactions with the environ-

ment and ordinary objects that are embedded with computers. Already, microprocessors

are found in every day objects including cars, thermostats, and kitchen appliances and we

use them without thought. Weiser gives writing as an example of a technology that has

disappeared into the background [125]. Writing serves as a means to augment memory,

record spoken language, and communicate to others. It is now pervasive in our environ-

ments but does not require active attention. Instead, it stores information until attention is

given.

In contrast, we are inundated with sensory overload, constantly interrupted by email,

phone calls, text messages and websites. These interruptions have lead to bad decision
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making when addressed in social situations or while driving. Sensory overload is one of

the major problems for multi-agent and many component systems; there are simply too

many to track. Rather than interaction on an individual level, one approach is to interact

with a large number of agents or devices on a system level. Our work in scalar estimation

provides a method for model reduction by representing the state of the system as a popula-

tion fraction. Another way to address sensory overload is designing calming technology

that will move from our periphery to our attention when necessary [126]. Users need not

pay attention at all times; only when required. We have developed Grouper in an attempt

to ease the cognitive load when tracking people in a group.

Lastly, to reduce sensory overload, robots and computers must work together making

decisions on our behalf. We only need to look at science fiction for how this might be done.

For example, in Back to the Future II, Marty wears a jacket that is too big and it adjusts to

his size. Later, when he falls into the fountain his jacket dries itself after detecting that it is

wet. Marty’s jacket has complex functions that require many sensors and actuators. There

are many engineering challenges for designing these kinds of wearable devices. How will

we choose the functionalities of our devices? What sensors and actuators will be useful in

garments? Increasing the number of capabilities increases the required number of compo-

nents, weight of the entire device, and power requirements.

In addition to engineering challenges, there are many ethical issues. Can we allow

devices to make decisions for us? Machines making decisions on behalf of humans has

inspired plenty of dytopian science fiction. Adam Greenfield writes in his book Everyware

that devices must do no harm, default to harmlessness, fail gracefully, and “default to a

mode that ensures a users’ physical, psychic, and financial safety” [44]. I fear that we, in

robotics, have already failed to make devices that “do no harm”. Unmanned aerial vehicles

(UAVs) are often used to strike down military enemies. UAVs provide many functions

including surveillance, firefighting, and research, but like much research it is of dual use.

At the time of writing, Iran has recently hijacked a US drone and will likely attempt to

extract the technology for use against the US. We are now faced with the consequence with

developing technology for war. My hope is to contribute to technology that is beneficial

for all.



91

Appendix A

GROUPER DESIGN DETAILS

A.1 Summary

Grouper consists of three types of modules: wearable, leader, logger, which are outlined

in Ch. 2. Here we list the component details, circuit diagram, sample code, and resources

used in building Grouper.

A.2 Components

The modules are primarily comprised of components from LilyPad hardware library,

which was designed for developing wearable electronics.

Of their LilyPad hardware, SparkFun says,

LilyPad is a wearable e-textile technology developed by Leah Buechley and coopera-

tively designed by Leah and SparkFun. Each LilyPad was creatively designed to have

large connecting pads to allow them to be sewn into clothing. They’re even washable!

A 

B 

C 

D 
E 

Figure A.1: Early prototype with components sewn. Components are A) Lilypad Arduino,
B) XBee, C) tri-LED, D) Vibe motor, E) speaker. Nickel for scale.
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XBee 
Shield 

LilyPad Arduino 

Power board 

Speaker 

Vibe 

LEDs 

Figure A.2: Circuit schematic for follower module. Components include the XBee shield,
LilyPad Arduino, power board, LEDs, vibe motor, and speaker.

Figure A.1 shows components sewn together. In the final prototype, solder was chosen

over sewn components. When sewn, the conductive thread becomes both a mechanical

and electrical connection for the LilyPad Arduino. This connection becomes loose over

after repetitive connection and disconnection of the programming cable into the LilyPad

Arduino.

Table A.1 details specific components.

A.3 Circuit diagram

The circuit diagram for a follower module is shown in Fig. A.2 and includes include the

XBee shield, LilyPad Arduino, power board, LEDs, vibe motor, and speaker. The LEDs,

vibe motor, and speaker were combined to make the Q board.

A.4 XBee

Documentation for the XBee Series 1 is found in the XBee manual [31]. The Lilypad

XBee shield has pinholes for TX, RX, 3.3V, and ground. We inserted an angled header. and
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Name Part number Description Picture

LilyPad
Arduino

SparkFun
DEV-09266

Microprocessor in Grouper system.
Arduino is an open source physical
computing platform. Designed to be
sewing into clothing and runs at 2V to
5V.

LilyPad XBee
Shield

Sparkfun
DEV-08937

Breakout board for XBee. Power reg-
ulated to operate with the LilyPad Ar-
duino.

XBee 1mW
Wire Antenna

Sparkfun
WRL-08665

XBee (Series 1) 2.4GHz radio for com-
munication, operates on 802.15.4.

LilyPad
Power

SparkFun
DEV-08786

Power supply using Lithium Polymer
batteries at 5V Short circuit protected.

LilyPad Vibe
Board

SparkFun
DEV-08468

The vibrating motor is like a cell phone
motor. Receives 40mA from output pin.

LilyPad
Buzzer

SparkFun
DEV-08463

The buzzer plays sounds at various fre-
quencies. Receives 40mA from output
pin.

Duemilanove
Arduino

SparkFun
DEV-00666

Arduino microprocessor used for log-
ger module. Arduino is an open source
physical computing platform. Operates
at 5V.

Logger Sheild Adafruit 243
Logger shield plugs into Duemilen-
ove. Writes data to an SD card. 3.3V
regulator.

Battery SparkFun
PRT-00341

Lithium Polymer 3.7V 900mAh bat-
tery. Battery includes built-in protec-
tion against over voltage, over current,
and minimum voltage.

Table A.1: Grouper components. Pictures from SparkFun and Adafruit.
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connected it to a computer to USB port using an FTDI board. We can set configurations for

the XBee using any terminal program. X-CTU is a program for Windows used to program

XBees.

Table A.4 lists several AT Commands in command mode. Each node was given a

unique MY address. The commands ID and CH give the PAN id and channel and must

be the same for XBees to communicate. For decentralized operation, we do not have a co-

ordinator so we set CE (Coordinator Enable) to 0; instead, all agents are end devices. End

devices are not detected by a coordinator, so A1 is 0. We use XBee.h for node communica-

tion, which requires API set to 2. Command API set to 0, sets the XBee in transparent mode

and echos the serial.

AT Command value purpose
MY 1-12 16-bit address
ID 1111 PAN id
CH C channel
CE 0 end device
A1 0 end device association disabled
AP 2 API mode required by XBee.h

Table A.2: Settings for XBees used for decentralized operation.

For the LilyPad Arduino to talk to both the XBee and a computer via serial, we use

pins 3 and 4 on the Arduino as software serial using NewSoftSerial.h. Pins 3 and 4 on the

Arduino are connectedto TX and RX on the XBee, respectively. This leaves pins 0 and 1 on

the Arduino to talk to the computer.

A.5 Sample Code

This program, called RSSItest.pde, was used to gather RSSI data between two modules

from measured distances as in Sec. 7.6. A module sends a message every 100 ms to all the

other nodes in the system (0xFFFF) . The receiving module prints out the sender address,

time, and RSSI of the received packet.

Every Arduino program must contain the functions setup() and loop();. The function

setup() runs once and the function loop() runs ad infinitum.
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#include <NewSoftSerial.h>

#include <XBee.h>

//set up serial to xbee

uint8_t txpin = 3;

uint8_t rxpin = 4;

NewSoftSerial xbeeSerial(txpin, rxpin);

XBee xbee = XBee();

XBeeResponse response = XBeeResponse();

uint8_t payload[] = {0, 0};

TxStatusResponse txStatus = TxStatusResponse();

Tx16Request tx = Tx16Request(0xFFFF, payload, sizeof(payload));

// create reusable response objects for responses we expect to handle

Rx16Response rx16 = Rx16Response();

//timing variables in milliseconds

unsigned long lastTimeSent;

unsigned long sendInterval = 100;

//message variables

uint8_t data;

uint8_t rssi;

uint8_t addr;

void setup() {

Serial.begin(9600);

xbee.setSerial(&xbeeSerial);

// start serial
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xbee.begin(9600);

}

void loop() {

parsePacket();

//send message every sendInterval

if (millis() - lastTimeSent > sendInterval)

sendMsg();

} // loop

void parsePacket(){

// read xbee buffer for 10 ms

xbee.readPacket(10);

while (xbee.getResponse().isAvailable()) {

// xbee got something

if (xbee.getResponse().getApiId() == RX_16_RESPONSE) {

// got a rx16 packet

getRx16Reponse();

}

long unsigned now = millis();

xbee.readPacket(10);

} // got something

}
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void sendMsg(){

lastTimeSent = millis();

xbee.send(tx);

}

void getRx16Reponse(){

xbee.getResponse().getRx16Response(rx16);

uint8_t * data;

data = rx16.getData();

rssi = rx16.getRssi();

addr = rx16.getRemoteAddress16();

// print sender

Serial.print(addr, DEC);

Serial.print(" ");

// print current time

Serial.print(millis(), DEC);

Serial.print(" ");

// print RSSI

Serial.println(rssi, DEC);

}
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A.6 Resources

We used many online resources to build Grouper. Table A.3 lists suppliers, online tuto-

rials and manuals.

Resource Purpose
Sparkfun supplier [34]
Adafruit supplier [4]
Leah Beuchley LilyPad tutorial [20]
Lady Ada XBee tutorial [37]
Digi International XBee manual [31]
CoolTerm Terminal for Mac and Windows
FTDi FTDi driver for board, used with LilyPad [38]
Faludi Building Wireless Sensor Networks [35]
Igoe Making Things Talk [57]

Table A.3: Resources for building Grouper.
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