Introduction to Finite Element Dynamics

1. Element Stiffness Matrices

1.1 Bar Element

Consider a bar element shown below. At the two
ends of the bar, axially aligned forces [F;, F,] are
applied producing deflections [uy,u;]. What is the

relationship  between applied force and
deflection?
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There are typically five key stages in the
analysis™.

(i) Conjecture a displacement function

The displacement function is usually an
approximation, that is continuous and
differentiable, most usually a polynomial. u(x)is
the axial deflections at any point x along the bar
element.

ux)=a, +ax =i x{j}mg )
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(ii) Express u(x) in terms of nodal
displacements by using boundary conditions.

i.e. u(0)=u,, u(L)=u,where L is the bar length.
It is clear that with only two nodes only two
unknown coefficients for the polynomial can be
defined i.e. a linear relationship. Thus if a higher
order polynomial is required for u(x) more

boundary conditions would be required and hence
intermediate nodes along the length of the bar are
necessary.
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Substituting (2) into (1)
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(iii) Derive Strain - Displacement Relationship
by using Mechanics Theory?
The axial strain &(x) is given by the following
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(iv) Derive Stress - Displacement Relationship
by using Elasticity Theory

The axial stresses o(x)are given by the following
assuming linear elasticity and homogeneity of
material throughout the bar element. Where E is
the material modulus of elasticity.

o(x)=Ee(x)=E[BJu (5)

(v) Use principle of Virtual Work

There is equilibrium between W, , the internal
work done in deforming the bar, and Wg ,
external work done by the movement of the
applied forces. The bar cross sectional area
A = [[dydz is assumed constant with respect to x.

W, = [[[o(x)e(x)dxdydz = [ o(x)e(x)dx[] dydz
= Al o(x).&(x)x

WEz[ul UZ{H}:HTE (7)
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Hence since W =W, by substituting (4) and (5)
Note [B]u is a scalar thus [B]u=([B]u)" =u"[B]

u" F = EA|[BJu[B]udx = EAU" [[B]' [Blxu

E
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Equation (8) represents the force-displacement
relationship for the bar element. The Stiffness
matrix [K] is derived by integration thus



1.2 Beam Element

A similar approach can be adopted to deriving the
force-displacement relationship for a beam
element, i.e. one that is subject to flexural rather
than axial deformation.

Consider a beam element shown below. At the
two ends of the bar, normally aligned forces and
momentsF =[F, M, F, M,[ are applied to
produce deflections and rotations given by
u=[v, 6 v, 6, What is the relationship
between applied Force/Moment and
Deflection/Rotations?
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(i) Conjecture a displacement function
The normal displacement u(x) is a cubic
polynomial. The slope u’(x) of the beam is given

by its first derivative.
u(x)=ay +ayx +agx? +a,x°
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u'(x) = a, + 2agx + 3a,x* (11)

=[0 1 2x 3x2]g=[N']§

(ii) Express u(x) in terms of nodal
displacements and rotations by using boundary
conditions.

i.e. u(0)=v;, u'(0)=6,, u(L)=v,, u'(L)=6,,
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hence substituting (12) into (10) and (11)

u(x)=[NJA]"u=[Clu (13)
u(x)=[NTAT u

(iii) Derive “Strain”-Displacement Relationship
Beam curvature which turns out to be the proxy
for “strain” in the virtual work equation. The
beam curvature c(x) is approximated by the
second derivative of the deflection. This assumes
that the flexural deflections are small, i.e the
beam remains almost flat.

& (Clw)-IVIAu- b (14)
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C(X) dx?>  dx
(iv) Derive “Stress”-Displacement Relationship
Here, the relationship between moment m(x) and
curvature c(x) is the proxy for “stress”-“strain”.
For a beam element the Bernoulli-Euler simple
beam theory result is used. This assumes no shear
deformations are present.

M (x)=El.c(x)= EI[B]u (15)

(v) Use principle of Virtual Work

The internal virtual work is given by the same
fundamental expression as (6). However it is
modified by application of Bernoulli-Euler
simple beam theory. The flexurally induced
normal stresses o(x,y)=M(x)y/lI, where the

origin of the y axis is the centroidal axis
and|, = [[y?dydz is the second moment of area

about the z axis; assuming homogeneity. Shear
stresses are neglected.

Normal stresses

Tension[+] due to M(x)

compression

—dxdydz

= [Jfos o= [0
—dx”yzdydz j—dx
= I M (x)c(x)x
Since W, =W, and by substituting (14) and (15)

u' F = [M(x)c(x)dx



F=iEl Blixfu=[klu @)
By comparing (16) and (8) it can be observed that
the general form of the stiffness matrix is given

by a similar matrix integral equation.

Hence stiffness matrix [K] is derived thus

[<]=E1 (AT JIN'T [N“]axA]
0
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Using matrix algebra

1 0 0 ©

0 1 0 0
Al'=|_ s 2 s _1
L2 L L2 L

2 1 _2 1
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Hence

12 6L -12 6L
[K]=ﬂ 6L 4> —6L 22
13(-12 -6L 12 -6L

6L 21> -—6L 4L2

(17)

1.3 Combined Beam/Bar Element

This element contains both axial and flexural
displacements. The stiffness matrix that relates
action and deformation can be derived by
inspection from results (17) and (9). However, it
is instructive to derive it using the five stages
used previously.

(i) Conjecture displacement functions

In this problem, because there are two distinct
and separate deformations i.e. axial and flexural,
there is a need for two separate displacement
functions

y(x)=ay +ayx+agx® +a,x°

u
U (X) =25 + 36X

(18)

Thus a vector of displacement functions is
conjectured.

AFy, AFy2
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(ii) Express U(x) in terms of nodal
displacements and rotations by using boundary
conditions.

The boundary conditions are the same as those
used in the previous sections

w] [0 0 0 0 1 0fa
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| (01 0 0 0 0fa
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hence U(x)=[NJA]"u (19)

(iii) Derive “Strain”-Displacement Relationship

d?uy
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du, 000 OO 1}2 (20)
dx
¢=[N"JAI u=[Blu

(iv) Derive “Stress”-Displacement Relationship

{M(X)}{EI o}{c(x)} 0 o=[Dle  (21)

Ac(x)| | 0 EA|e&(x)



(v) Use principle of Virtual Work

u'F =[¢" odx=u" [[B] [D]B]dxu

F = {[e] [DIBloxfu = [K]u (22)

Where F=[Fy Fu M; F, Fyp M,J

[<]=(AI*] [INT DINTa(AT*  (23)

Equation (23) can be evaluated by using Maple®.
The following code will evaluate the stiffness
matrix.

>with(linalg):
>A:=matrix(6,6,[[0,0,0,0,1,0],
[1,0,0,0,0,0], [0,1,0,0,0,0],
[0,0,0,0,1,L], [1,L,L"2,1L73,0,0],
[0,1,2*L,3*L"2,0,0]11);

0 0 0 0 1 0]
10 0 0 00O
01 0 0 00
AZlo 0 0 0 1L
1L L2 L2 oo
0 1 2L 3L* 0 O]

>N2:=matrix(2,6,[[0,0,2,6*x,0,0],
[0,0,0,0,0,1]11);

002 6x 00
Nz'"[ooo 0 01}

>DD:=matrix(2,2,[[E1[z].0].[0.EAID;
El 0
DD:=| *
o e

>NDN:=map(int,evalm( transpose(N2) &*
DD &* N2 ), x=0..L);

0 0 0 0 0 0]
00 0 0 0 0
0 0 4ELL 6ELL> 0 O
NDN :=
0 0 6EILL*> 12EILL* 0 0
00 0 0 0 0
00 0 0 0 EAL

> K:=evalm(transpose(inverse(A)) &* NDN
&* inverse(A));
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1.4 General Element

Consider an abstract, general, element with n
nodes and m nodal displacements/rotations,
known as degrees of freedom. The process of
deriving the stiffness matrix for this element is
identical to that adopted in the previous sections.
Nodes do not have to be at edges or corners,
though normally they are so that elements can be
easily matched together in some mesh that will
describe a structure. Also Nodes need not have
the same number of degrees of freedom though
normally they do for a similar reason.

-
L.

(i) Conjecture displacement functions

U(x.y,2)=[N]a (@)

(i1) Express U(x,y,2) in terms of nodal
displacements and rotations by using boundary

conditions
[Ala (b)
[NJA]'u=[clu )

u
hence U(x,y,z)=

(iii) Derive “Strain”-Displacement Relationship
e=[N"Ja=[N"JA]"u=[B]u (d)
(iv) Derive “Stress”-Displacement Relationship

o =[D]s=[]BJu (e)



(v) Use principle of Virtual Work

u'F =[[[¢" o dxdydz =u" [[[[B] [D]B]dxdydzu

F =[BT PIB]dxdydz fu=[Klu  (
[K]=[[[B] [D]B]dxdydz @)

2. Generalised Actions

In the previous sections, F, the applied actions

on the element are always applied at nodes.
However in a more general case what will F be if

actions are applied at any point on the element.

2.1 Distributed Load for Beam Element
The aim is to express the distributed load P(x) in
terms of F the nodal actions.

#
C' = C' -

Let us reformulate the equation for the external
virtual work, thus

W, = OLu(x)P(x)dx = JOL[N][A]*lg P(x)dx
(25)

2.1.1 Example 1, linearly increasing
distributed load
Consider as an example, P(x)=wx i.e. a linear

distributed load  then (25) becomes
Ez([A]‘l)T IOL [N]"wxdx which can be evaluated
using Maple thus.

>with(linalg):
>A:=matrix(4,4,[[1,0,0,0], [0,1,0,0],
[1.L.L72,L73], [0,1,2*L,3*L"2]11);

10 0 0
o1 0 o0
A=l L2 o3

0 1 2L 3L?

>N:=matrix(1,4,[1,Xx,xX"2,x"3]);

N:=[1 x x* %7

> F:=evalm( transpose(inverse(A)) &*
map(int, evalm( w*x * transpose(N)),
x=0..L));

Using Maple it is not difficult to derive nodal
action F in terms of any P(x).

2.1.2 Example 2, Point load P at position L/2
If P(x) is discrete and discontinuous, i.e. the case

of an applied point load, the integrals drop out of
(25) thus

We =u(L/2)P =[N(L/2)[A]"uP

~u (AP N2 P=uE )

Continue the Maple file from the previous section
by adding the following line, thus

>F:=evalm( P* transpose(inverse(A)) &*
transpose(map2(subs,x=L/2,N)));
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2.2 General loads for a general
element

In a completely general case P(x,y,z)will be a

vector of loads, in different directions that are
distributed across the element.

We = [[[U(x,y,2)" P(x,y,z)dxdydz

=u' ([A]‘l)T [[[IN]T P(x,y,z)dxdydz =u" F

F= ([A]‘l)T [[[IN]" P(x, y,z) dxdydz (h)



3. Element Mass Matrices

3.1 Bar Element

In order to compute the element mass matrices it
is necessary to consider the work done by the
inertial accelerations.

W, =[] pti(x)u(x)dxdydz = [ti(x)u(x dx [ pdydz
= pAJt(x)u(x)x

(27)

Where pli is the inertial force per unit volume
and p is the density; which is assumed constant,
throughout the bar, in this example.

) d?u )
00-24 - [l

W, = paf (Clu)(Clax=u" [[cT [l (28)
In the case of free vibrations

W, +W, =0
flcT [claxfu + {EA[[BT [Blixju=0 (29)
[M]d+[K]u=0

[M]=ijoL[1ﬂ[1—% %]dx=%[f ﬂ (30)

The mass matrix (30) is often termed a consistent
mass matrix. The mass is distributed across the
element and is not lumped at any particular places
along the element.

3.2 Beam Element

If rotational accelerations of beam are neglected
then the formula (29) can be applied directly to
the beam element with an alternate [C] matrix.

[M]= pAf[cT [Clix = pA[AT* ] [INT [NJixA]

Using Maple this can be evaluated

>with(linalg):
>A:=matrix(4,4,[[21,0,0,0], [0,1,0,0],
[1.L,17°2,1L73], [0,1,2*L,3*L"2]1);

10 0 0
o1 0 o0
Al L 2

0 1 2L 3L?

>N:=matrix(1,4,[1,x,x"2,x"3]);
Ni=[1 x x* x%

>NTN:=map(int,evalm( transpose(N) &*
N),x=0..L);

1o 15 1]
L 2L 3L 4L
1o 15 14 15
2L 3L 4L 5L

NTN := 1 1 1 1

Z13 =14 5 Zp6
3L 4L 5L 6L
1o ls 16 15
4L 5L 6L 7L

> M:=evalm(rho*a* transpose(inverse(A))
&* NTN &* inverse(A) );

156 22L 54 -13L

=L oar| 2L 412 13L -3L° (31)
420 54 13L 156 -22L
-13L -3L2 -22L 412

3.3 General Element

For a general element with n nodes and m degrees
of freedom, the work done by inertial
accelerations (27) is characterised thus

W, = [[[ pti(x,y,2)" u(x,y,z)dxdydz

Hence the mass matrix is given by

[M]= (] [cT [c] dxdydz (i)

hence the equation of free vibration is given by
the following W, +W, =0

M]ii+[K]u=0 )



4 Free Vibration Examples

4.1 Simply supported beam

Determine periods of vibration of a simply-
supported beam with constant flexural rigidity El
and weight w per unit length

1

2
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(17) and (31) are substituted into equation (j) to
gives the following. By applying support
restraints i.e. v; =v, =0

156221 & 13T
wL | 54 42 13L -3L% | 4
420g| —42—33L 186221 Ly,
~18L -3 -2pL 4L |4,
1b 6l 2 gl Ty
- o= = o= 1
EI| 6L 42 —-6L 2L || g

w4 -3 9’1+ﬂ42«91_0
4209(-3 4 |6, L|2 4|6,
Hence dynamic matrix [D] can be found. The
resulting eigenvalue problem on [D] is solved.

[D]= [M],l[K]: 420Elg [g %}

7|20 2
LS

-2l [,

The natural frequencies for the first two modes of
vibration are approximated from the eigenvalues

in the standard way f =+/1/27.

Elg

Lt

f,=46L159 [Hz] (32)
wL

4

f, =1.74

The mode shapes can be extracted from the
eigenvectors. In this case the first mode is given

by ¢, = [L -1 and if the degrees of freedom that
have been removed are now reinstated we get

g=[0 10 -1fandg,=0 1 0 1]

Thus from equation (13) the modal shape is given
by the following where the nodal displacement
vector uis replaced by ¢. Remember that as the

magnitude of the eigenvector is unknown and is
normalised. Thus, in general, mode shapes have
unknown magnitude. Only with knowledge of
some initial conditions, velocity and displacement
at time t, can the relative magnitude of each mode
shape be assessed for an actual free vibration
problem.

()= INTAT g
u)-INATg (1) @
u,(x)= [NJAT g, = x(l - 5)[1— 2_ij (34)

L

Mode 1

Mode 2

4.1.1 Accuracy of results

The accuracy of these results is dependant chiefly
on the how near the cubic displacement function
(10) is to the actual dynamic displacement
function.

The exact shape for the first mode is sin(zx/L)
and for the second mode sin(2zx/L); exact values
for first and second frequencies are

/Elg /Elg
fl 2157 W y f2 26283 W [HZ]

This means (32) overestimates the first mode by
11% and underestimates the second mode by
26.6%. The first mode is more accurate than the
second mode.

The discrepancy of (33) and (34) from the exact
solutions are displayed by the following graphs.



exact /

It is clear that the accuracy of the FE approach is
dependant the displacement shape function. This
is true if only one element is employed. To
improve accuracy there are two alternate
strategies you could adopt. (a) increase order of
polynomial displacement shape function; or (b)
use more that one element. (b) is the most
commonly adopted strategy and is the basis of the
finite element method*

4.2 Encastré beam

Determine periods of vibration of a fixed-end
beam with constant flexural rigidity El and
weight per unit length w. The span L=2I

F : ]

156 121 B 12] N N \L
156 221 54 131 B A
12 10 a2 h h pa)
T IO =l Y Y %]
wl 312 0 34  -131 | ¥,
4209 812 1Bl -B31%2| 6,
Hh6——=22H¥3
242 P
L 4 __03_
(ad & 1o g 4 g Ty
2 ol 22 q qa ya)
= Ol ZT v |y OT
El 240 12 g |Y2|_,
3 8> —pl 2 |6,
1D ol \/
TP pT 73
L s

(17) and (31) are substituted into equation (j) to
gives the above. By applying support restraints
I.e. vy =v3=6 =6;=0these degrees of freedom

are removed from the problem.

SN IR
ol- ] )= 225822 )

wi* |0 1

The resulting eigenvalue problem on [D] is
solved and the approximate natural frequencies of
vibration are determined; note that span L is
reintroduced.

sl o

wl* |0 1 01

f,=3618 |9 f,=1305| -9 [Hz] (35)
wL wL

A more exact answer for these frequencies are
given below from a 10 element model.

Elg Elg
f; =356, |— f,=9.81|—[Hz
! wt ? WL4[ ]

tA-
— e —

This means (35) overestimates the first mode by
16.3% and overestimates the second mode by
33%. The first mode is more accurate than the
second mode.

Dr Nick A. Alexander (2004)
Department of Civil Engineering
University of Bristol
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